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Foreword 


The present volume supersedes my Introduction to Differentiable Manifolds 
written a few years back. I have expanded the book considerably, including 
things like the Lie derivative, and especially the basic integration theory of 
differential forms, with Stokes’ theorem and its various special formulations 
in different contexts. The foreword which I wrote in the earlier book is still 
quite valid and needs only slight extension here. 

Between advanced calculus and the three great differential theories 
(differential topology, differential geometry, ordinary differential equations), 
there lies a no-man’s-land for which there exists no systematic exposition in 
the literature. It is the purpose of this book to fill the gap. 

The three differential theories are by no means independent of each other, 
but proceed according to their own flavor. In differential topology, one 
studies for instance homotopy classes of maps and the possibility of finding 
suitable differentiable maps in them (immersions, embeddings, isomorphisms, 
etc.). One may also use differentiable structures on topological manifolds to 
determine the topological structure of the manifold (e.g. 4 la Smale [26}). 
In differential geometry, one puts an additional structure on the differentiable 
manifold (a vector field, a spray, a 2-form, a Riemannian metric, ad lib.) 
and studies properties connected especially with these objects. Formally, 
one may say that one studies properties invariant under the group of 
differentiable automorphisms which preserve the additional structure. In 
differential equations, one studies vector fields and their integral curves, 
singular points, stable and unstable manifolds, etc. A certain number of 
concepts are essential for all three, and are so basic and elementary that it is 
worth while to collect them together so that more advanced expositions can 
be given without having to start from the very beginnings. I hope this book 
will serve this purpose. For a good survey on the current problems of 
global analysis, cf. Smale [26], and the proceedings of the Berkeley conference 
[24]. 

It is possible to lay down at no extra cost the foundations (and much more 
beyond) for manifolds modeled on Banach or Hilbert spaces rather than 
finite dimensional spaces. In fact, it turns out that the exposition gains 
considerably from the systematic elimination of the indiscriminate use of 
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local coordinates 2,..., % and dx,,..., dx. These are replaced by what 
they stand for, namely isomorphisms of open subsets of the manifold on 
open subsets of Banach spaces (local charts), and a local analysis of the 
situation which is more powerful and equally easy to use formally. In most 
cases, the finite dimensional proof extends at once to an invariant infinite 
dimensional proof. Furthermore, in studying differential forms, one needs 
to know only the definition of multilinear continuous maps. The orgy of 
multilinear algebra in standard treatises arises from an unnecessary double 
dualization and an abusive use of the tensor product. 

I don’t propose, of course, to do away with local coordinates. They are 
useful for computations, and are also especially useful when integrating 
differential forms, because the dx,+-:dz, corresponds to the dx, -:- dx, 
of Lebesgue measure, in oriented charts. Thus we often give the local 
coordinate formulation for such applications. Most of the literature is still 
covered by local coordinates, and I therefore hope that the neophyte will 
thus be helped in getting acquainted with the literature. I also hope to con- 
vince the expert that nothing is lost, and much is gained, by expressing 
one’s geometric thoughts without hiding them under an irrelevant formalism. 

Infinite dimensional manifolds have been talked about for many years. 
In recent years, topology has been extremely successful in introducing 
infinite dimensional topological spaces, and there is every indication that 
their systematic introduction in the theory of differentiable manifolds will 
be equally successful. The proper domain for the geodesic part of Morse 
theory is the loop space, viewed as an infinite dimensional manifold. The 
reduction to the finite dimensional case is of course a very interesting aspect 
of the situation, from which one can deduce deep results concerning the finite 
dimensional manifold itself, but it stops short of a complete analysis of the 
loop space. (Cf. Bott [3], Milner [18].) This was already mentioned in the 
first version of the book, and since then, the papers of Palais [23] and Smale 
[28] appeared, carrying out the program. They determined the appropriate 
condition in the infinite dimensional case under which this theory works. 

In addition, given two finite dimensional manifolds X, Y it is fruitful to 
give the set of differentiable maps from X to Y an infinite dimensional 
manifold structure (Eells [8], [9], [10].) In this direction, one would transcend 
the purely formal translation of finite dimensional results getting essentially 
new ones, which would in turn affect the finite dimensional case. 

Foundations for the geometry of manifolds of mappings are given in 
Abraham’s notes of Smale’s lectures [1], and Palais’ monograph [23]. 

The extension of the stable and unstable manifold theorem to the Banach 
case, already mentioned as a possibility in the earlier version of this book, 
was proved quite elegantly by Irwin [11], following the idea of Pugh and 
Robbin for dealing with local flows using the implicit mapping theorem in 
Banach spaces. I have included the Pugh-Robbin proof, but refer to Irwin’s 
paper for the stable manifold theorem which belongs at the very beginning 
of the theory of ordinary differential equations. The Pugh-Robbin proof 
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can also be adjusted to hold for vector fields of class H? (Sobolev spaces), 
of importance in partial differential equations, as shown by Ebin and 
Marsden [7]. 

It is a standard remark that the C®-functions on an open subset of a 
Euclidean space do not form a Banach space. They form a Fréchet space 
(denumerably many norms instead of one). On the other hand, the implicit 
function theorem and the local existence theorem for differential equations 
are not true in the more general case. In order to recover similar results, a 
much more sophisticated theory is needed, which is only beginning to be 
developed. (Cf. Nash’s paper on Riemannian metrics [21], and subsequent 
contributions of Schwartz [25] and Moser [19].) In particular, some additional 
structure must be added (smoothing operators). This goes very much beyond 
the scope of this book and presents, in fact, an active topic for research. 

In writing this book, I have greatly profited from four sources. 

First, from Dieudonné’s Foundations of Modern Analysis. My book is 
self-contained, starting from Dieudonné’s Chapter VIII (Differential 
Calculus), which is quite elementary, and should be in the curriculum of all 
advanced undergraduates. The differential calculus in Banach spaces has 
also been covered in my Real Analysis. 

Second, from Bourbaki’s Fascicule de résultats [5] for the foundations of dif- 
ferentiable manifolds. This provides a good guide as to what should be includ- 
ed. I have not followed it entirely, as I have omitted some topics and 
added others, but on the whole, I found it quite useful. I have put the 
emphasis on the differentiable point of view, as distinguished from the 
analytic. However, to offset this a little, I included two analytic applica- 
tions of Stokes’ formula, the Cauchy theorem in several variables, and the 
residue theorem. 

Third, Milnor’s notes [15], [16], [17] have proved invaluable. They are of 
course directed towards differential topology, but of necessity had to cover 
ad hoc the foundations of differentiable manifolds (or, at least, part of them). 
In particular, I have used his treatment of the operations on vector bundles 
(Chapter III, §4) and his elegant exposition of the uniqueness of tubular 
neighborhoods (Chapter IV, §6 and Chapter VII, §4). 

Fourth, I am very much indebted to Palais for collaborating on Chapter 
IV, and giving me his exposition of sprays (Chapter IV, §5). As he showed 
me, these can be used (instead of geodesics) to construct tubular neighbor- 
hoods. For the relation between sprays and affine connections, the reader is 
referred to [2]. Palais also showed me how one can recover sprays and 
geodesics on a Riemannian manifold by making direct use of the fundamental 
2-form and the metric (Chapter VII, §6). This is a considerable improvement 
on past expositions. It is to be hoped that more advanced treatments of 
differential geometry will be given in the same spirit. 
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CHAPTER I 


Differential Calculus 


We shall recall briefly the notion of derivative and some of its useful 
properties. As mentioned in the foreword, Chapter VIII of Dieudonné’s 
book or my Real Analysis give a self-contained and complete treatment for 
Banach spaces. We summarize certain facts concerning their properties as 
topological vector spaces, and then we summarize differential calculus. 
The reader can actually skip this chapter and start immediately with Chapter 
II if he is accustomed to thinking about the derivative of a map as a linear 
transformation. (In the finite dimensional case, when bases have been 
selected, the entries in the matrix of this transformation are the partial 
derivatives of the map.) We have repeated the proofs for the more im- 
portant theorems, for the ease of the reader. 

It is convenient to use throughout the language of categories. The notion 
of category and morphism (whose definitions we recall in §1) is designed to 
abstract what is common to certain collections of objects and maps between 
them. For instance, topological vector spaces and continuous linear maps, 
open subsets of Banach spaces and differentiable maps, differentiable 
manifolds and differentiable maps, vector bundles and vector bundle maps, 
topological spaces and continuous maps, sets and just plain maps. In an 
arbitrary category, maps are called morphisms, and in fact the category of 
differentiable manifolds is of such importance in this book that from 
Chapter II on, we use the word morphism synonymously with differentiable 
map (or p-times differentiable map, to be precise). All other morphisms 
in other categories will be qualified by a prefix to indicate the category to 
which they belong. 


§1. Categories 


A category is a collection of objects {X, Y,...} such that for two objects 
X, Y we have a set Mor(X, Y) and for three objects X, Y, Z a mapping 
(composition law) 


Mor(X, Y) x Mor(Y, Z) > Mor(X, Z) 


1 
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satisfying the following axioms: 


CAT 1. Two sets Mor(X, Y) and Mor(X’, Y') are disjoint unless X = X’ 
and Y = Y’, in which case they are equal. 


CAT 2. Each Mor(X, X) has an element idy which acts as a left and right 
identity under the composition law. 


CAT 3. The composition law is associative. 


The elements of Mor(X, Y) are called morphisms, and we write frequently 
f: X — Y for such a morphism. The composition of two morphisms f, g 
is written fg or f og. 

A functor 1: & — QU’ from a category W into a category QW’ is a map which 
associates with each object X in Qf an object A(X) in QW’, and with each 
morphism f: X — Y a morphism A(f): A(X) > A(Y) in W’ such that, when- 
ever f and g are morphisms in Qf which can be composed, then A(fg) = 
A(f)A(g) and A(idy) = id, yy for all X. This is in fact a covariant functor, 
and a contravariant functor is defined by reversing the arrows (so that we 
have A(f): A(Y) > A(X) and A( fg) = A(g)A(f)). 

In a similar way, one defines functors of many variables, which may be 
covariant in some variables and contravariant in others. We shall meet 
such functors when we discuss multilinear maps, differential forms, etc. 

The functors of the same variance from one category Qf to another Qf’ 
form themselves the objects of a category Fun(Q, Yl’). Its morphisms will 
sometimes be called natural transformations instead of functor morphisms. 
They are defined as follows. If A, u are two functors from YW to QI’ (say 
covariant), then a natural transformation t: 4 > yp consists of a collection of 
morphisms 


te: MX) > p(X) 


as X ranges over Q, which makes the following diagram commutative for 
any morphism f: X > Y in Q. 


MX) > p(X) 
up| |un 
MY) a w(Y) 


In any category %, we say that a morphism f: X —> Y is an isomorphism 
if there exists a morphism g: Y + X such that fg and gf are the identities. 
For instance, an isomorphism in the category of topological spaces is called 
a topological isomorphism, or a homeomorphism. In general, we describe 
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the category to which an isomorphism belongs by means of a suitable prefix. 
In the category of sets, a set-isomorphism is also called a bijection. 

If f: X - Y is a morphism, then a section of f is a morphism g: Y > X 
such that fog = idy. 


§2. Topological vector spaces 


The proofs of all statements in this section, including the Hahn-Banach 
theorem and the closed graph theorem, can be found in my Real Analysis. 

A topological vector space E (over the reals R) is a vector space with a 
topology such that the operations of addition and scalar multiplication are 
continuous. It will be convenient to assume also, as part of the definition, 
that the space is Hausdorff, and locally convex. By this we mean that every 
neighborhood of 0 contains an open neighborhood U of 0 such that, if 
x,y are in U and 0 <i < 1, then ta + (1 — #)y also lies in U. 

The topological vector spaces form a category, denoted by TVS, if we 
let the morphisms be the continuous linear maps (by linear we mean through- 
out R-linear). The set of continuous linear maps of one topological vector 
space E into F is denoted by L(E, F). The continuous r-multilinear maps 


y:Ex->+-x EF 


of E into F will be denoted by L’{E, F). Those which are symmetric (resp. 
alternating) will be denoted by L;(E, F) (resp. Li(E, F)). The isomorphisms 
in the category TVS are called toplinear isomorphisms, and we write 
Lis(E, F) and Laut(E) for the toplinear isomorphisms of E onto F and the 
toplinear automorphisms of E. 

We find it convenient to denote by L(E), L'(E), Li(E), and L7(E) the 
continuous linear maps of E into R (resp. the continuous, r-multilinear, 
symmetric, alternating maps of E into R). Following classical terminology, 
it is also convenient to call such maps into R forms (of the corresponding 
type). If E,,...,E, and F are topological vector spaces, then we denote 
by L(E;,...,E,;F) the continuous multilinear maps of the product 
E, x --> x E, into F. 

The most important type of topological vector space for us is the 
Banachable space (a TVS which is complete, and whose topology can be 
defined by a norm). We should say Banach space when we want to put the 
norm into the structure. There are of course many norms which can be 
used to make a Banachable space into a Banach space, but in practice, 
one allows the abuse of language which consists in saying Banach space for 
Banachable space (unless it is absolutely necessary to keep the distinction). 

For this book, we assume from now on that all our topological vector spaces 
are Banach spaces. We shall occasionally make some comments to indicate 
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where it might be possible to generalize certain results to more general 
spaces. We denote our Banach spaces by E, F,.... 

The next two propositions give two aspects of what is known as the 
closed graph theorem. 


Proposition 1. Every continuous bijective linear map of E onto F is a 
toplinear isomorphism. 


Proposition 2. If E is a Banach space, and Fj, F2 are two closed sub- 
spaces which are complementary (i.e. E = F, + Fz and F; 1 F2 = 0), then 
the map of F, x Fe onto E given by the sum is a toplinear isomorphism. 


We shall frequently encounter a situation as in Proposition 2, and if F 
is a closed subspace of E such that there exists a closed complement F 
such that E is toplinearly isomorphic to the product of F and F, under the 
natural mapping, then we shall say that F splits in E. 

Next, we state a weak form of the Hahn-Banach theorem. 


Proposition 3. Let E be a topological vector space and x # 0 an element 
of E. Then there exists a continuous linear map 4 of E into R such that 
Ax) # 0. 


If E is a Banach space, one constructs 1 by Zorn’s lemma, supposing that 
A is defined on some subspace, and having a bounded norm. One then 
extends 4 to the subspace generated by one additional element, without 
increasing the norm. In the general locally convex case, the proof is similar. 

In particular, every finite dimensional subspace of E splits if E is complete. 
More trivially, we observe that a finite codimensional closed subspace also 
splits. 

We now come to the problem of putting a topology on L(E,F). Let 
E, F be Banach spaces, and let 


A:EF 


be a continuous linear map (also called a bounded linear map). We can then 
define the norm of A to be the greatest lower bound of all numbers K such 
that 


|Aa| < Ke] 


for all xe E. This norm makes L(E, F) into a Banach space. 

Remark. For more general topological vector spaces, one would put the 
topology of uniform convergence on bounded sets. 

In a similar way, we define the topology of L(E,,..., E,; F), which is a 
Banach space if we define the norm of a multilinear continuous map 


A:Ei x-+:-x E, oF 
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by the greatest lower bound of all numbers K such that 


\A(ei,-..,@7)| S Kai] - = |2-|. 
We have: 
Proposition 4. If E;,...,E,,F are Banach spaces, then the canonical 
map 


L(E;, L(E2,..., L(E;, F),... )) > D(Ei,..., E,; F) 


from the repeated continuous linear maps to the continuous multilinear 
maps is a toplinear isomorphism, which is norm-preserving, 1.e. a Banach- 
tsomorphism. 


The preceding propositions could be generalized to a wider class of topologi- 
cal vector spaces. The following one exhibits a property peculiar to Banach 
spaces. 


Proposition 5. Let E, F be two Banach spaces. Then the set of toplinear 
isomorphisms Lis(E, F) is open in L(E, F). 


The proof is in fact quite simple. If Lis(E, F) is not empty, one is im- 
mediately reduced to proving that Laut(E) is open in L(E, E). We then 
remark that if we L(E, E), and |u| < 1, then the series 

] +. U + u2 4. oes 


converges. Given any toplinear automorphism w of FE, we can find an open 
neighborhood by translating the open unit ball multiplicatively from 1 to w. 


Again in Banach spaces, we have: 


Proposition 6. If E, F, G are Banach spaces, then the bilinear maps 


L(E, F) x L(F, G) > L(E, G) 
L(E, F) x E-F 
obtained by composition of mappings are continuous, and similarly for 
multilinear maps. 


Remark. The preceding proposition is false for more general spaces than 
Banach spaces, say Fréchet spaces. In that case, one might hope that the 
following may be true. Let U be open in a Fréchet space and let 


f:U > LE, F) 
g: U — LiF, G) 
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be continuous. Let y be the composition of maps. Then »(f, g) is continuous. 
The same type of question arises later, with differentiable maps instead, 
and it is of course essential to know the answer to deal with the composition 
of differentiable maps. 


§3. Derivatives and composition of maps 


A real valued function of a real variable, defined on some neighborhood 
of 0 is said to be o(t) if 
lim o(t)/é = 0. 
{0 


Let E, F be two topological vector spaces, and ~ a mapping of a neighbor- 
hood of 0 in E into F. We say that ¢ is tangent to 0 if, given a neighborhood 
W of 0 in F, there exists a neighborhood V of 0 in E such that 


g(tV) < o(t)W 


for some function o(t). If both E, F are normed, then this amounts to the 
usual condition 


lolx) S |aly(x) 


with lim w(x) = 0 as |z| > 0. 

Let E, F be two topological vector spaces and U openin E. Let f: U = F 
be a continuous map. We shall say that f is differentiable at a point x» « U 
if there exists a continuous linear map A of E into F such that, if we let 


f(%o + y) = f(xo) + Ay + oy) 


for small y, then ¢ is tangent to 0. It then follows trivially that 4 is uniquely 
determined, and we say that it is the derivative of f at x. We denote the 
derivative by Df (xo) or f’(xo). It is an element of L(E, F). If fis differentiable 
at every point of U, then f’ is a map 


f’:U +» LE, F). 


It is easy to verify the chain rule. 


Proposition 7. If f:U > V is differentiable at xo, if g: V + W is dif- 
ferentiable at f(xo), then g of is differentiable at xo, and 


(9 °f)'(xo) = g'(f(x0)) © f’ (ao). 


Proof. We leave it as a simple (and classical) exercise. 


[I, 3] DERIVATIVES AND COMPOSITION OF MAPS uf 


The rest of this section is devoted to the statements of the differential 
calculus. All topological vector spaces are assumed to be Banach spaces 
(ie. Banachable). Then L(E, F) is also a Banach space, if E and F are 
Banach spaces. 

Let U be open in E and let f: U — F be differentiable at each point of 
U. If f’ is continuous, then we say that f is of class C!. We define maps of 
class C? (p 2 1) inductively. The p-th derivative D®f is defined as 
D(D?~1f) and is itself a map of U into 


L(E, L(E,..., L(E, F)-++)) 


which can be identified with L*(E, F) by Proposition 4. A map f is said to 
be of class C” if its kth derivative D*f exists for 1 < k < p, and is con- 
tinuous. 


Remark. Let f be of class C?, on an open set U containing the origin. 
Suppose that f is locally homogeneous of degree p near 0, that is 


f(tx) = f(z) 


for all t and x sufficiently small. Then for all sufficiently small x we have 


fla) = ~ D°f(0)x?, 
p! 


where x?) = (x, 2,..., x), p times. 


This is easily seen by differentiating p times the two expressions for 
f(tx), and then setting ¢ = 0. The differentiation is a trivial application of 
the chain rule. 


Proposition 8. Let U,V be open in Banach spaces. If f: U + V and 
g: V > F are of class C”, then so is g of. 


From Proposition 8, we can view open subsets of Banach spaces as the 
objects of a category, whose morphisms are the continuous maps of class 
C”. These will be called C?-morphisms. We say that f is of class C®™ if it 
is of class C” for all integers p = 1. From now on, p is an integer 2 0 or 
co (C° maps being the continuous maps). In practice, we omit the prefix 
O? if the p remains fixed. Thus by morphism, throughout the rest of this 
book, we mean C?-morphism with p < oo. We shall use the word morphism 
also for O?-morphisms of manifolds (to be defined in the next chapter), 
but morphisms in any other category will always be prefixed so as to indicate 
the category to which they belong (for instance bundle morphism, continuous 
linear morphism, etc.). 
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Proposition 9. Let U be open in the Banach space E, and let f: U > F 
be a C?-morphism. Then D®f (viewed as an element of L?(E, F)) is sym- 
metric. 


Proposition 10. Let U be open in E, and let fj: U > Fi (« = 1,..., 2) 
be continuous maps into spaces F;. Let f = (fi,..-,fn) be the map of U 
into the product of the F;. Then f is of class C? if and only if each fi is of 
class C?, and in that case 


D?f = (Dei, ss sera 
Let U, V be open in spaces Ej, Ez and let 
i an ae 


be a continuous map into a Banach space. We can introduce the notion of 
partial derivative in the usual manner. If (x, y) isin U x V and we keep 
y fixed, then as a function of the first variable, we have the derivative as 
defined previously. This derivative will be denoted by Dif(z, y). Thus 


Dif: U x V > L(Ki, F) 


is a map of U x V into L(E,, F). We call it the partial derivative with 
respect to the first variable. Similarly, we have Def, and we could take 
n factors instead of 2. The total derivative and the partials are then related 
as follows. 


Proposition 11. Let U;,..., Un be open in the spaces Ey,...,E, and 
let f: Uy x +++ x Un > F be a continuous map. Then f is of class C? 
af and only if each partial derivative Dif: U, x +++ x Un > L(Kj, F) exists 
and is of class C?-1. If that is the case, then for x = (21,...,%n) and 


v = (¥1,..., Un) E Ey x -:> x E, 
we have: 
Df (x) - (v1, ...,0n) = Y Def (a) > v4. 


The next four propositions are concerned with continuous linear and 
multilinear maps. 


Proposition 12. Let E, F be Banach spaces and f:E — F a continuous 
linear map. Then for each x € E we have 


fle) =f. 
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Proposition 13. Let E,F,G be Banach spaces, and U open in E. Let 
f: U > ¥ be of class C? and g: F > G continuous and linear. Then gof 
is of class C? and 


D'(g°f) = go Df. 
Proposition 14. If E,,..., E, and F are Banach spaces and 


f:E, x-+:x EF oF 


a continuous multilinear map, then f is of class C®”, and its (r + 1)-st 
derivative is 0. If r = 2, then Df is computed according to the usual rule for 
derivative of a product ( first times the derivative of the second plus derivative 
of the first times the second). 


Proposition 15. Let E,F be Banach spaces which are toplinearly iso- 
morphic. If u: E > F is a toplinear isomorphism, we denote its inverse by 
u-1. Then the map 


upyul 


from Lis(E, F) to Lis(F, E) is a C®-tsomorphism. Its derivative at a point 
Uo is the linear map of L(E, F) into L(F, E) given by the formula 


vb Up lvugt. 


Finally, we come to some statements which are of use in the theory of 
vector bundles. 


Proposition 16. Let U be open in the Banach space E and let F, G be 
Banach spaces. 
(i) If f: U > L(E, F) is a C?-morphism, then the map of U x E into F 
given by 


(a, v) h f(x)v 


is a morphism. 

(ii) If f: U > L(E,F) and g: U > L(¥,G) are morphisms, then so 1s 
y(f, 9) (y being the composition). 

(iii) If f: U + Rand g: U > L(E, F) are morphisms, so ts fg (the value of 
fg at x is f(x)g(x), ordinary multiplication by scalars). 

(iv) If f,g: U > L(E, F) are morphisms, so ts f + g. 


This proposition concludes our summary of results assumed without proof. 
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§4. Integration and Taylor’s formula 


Let E be a Banach space. Let J denote a real, closed interval, say 
a<t<b. A step mapping 


f:I 7k 


is a mapping such that there exists a finite number of disjoint subintervals 
Iy,..., In covering I such that on each interval J;, the mapping has con- 
stant value, say vj. We do not require the intervals J; to be closed. They 
may be opened, closed, or half-closed. 

Given a sequence of mappings f, from J into E, we say that it converges 
uniformly if, given a neighborhood W of 0 in E, there exists an integer no 
such that, for all n,m > no and all t € J, the difference f,(¢) — f,,(¢) lies in 
W. The sequence fn then converges to a mapping f of J into E. 

A ruled mapping is a uniform limit of step mappings. We leave to the 
reader the proof that every continuous mapping is ruled. 

If f is a step mapping as above, we define its integral 


[t= [104 = Daan 


where y(J;) is the length of the interval J; (its measure in the standard 
Lebesgue measure). This integral is independent of the choice of intervals 
I; on which f is constant. 

If f is ruled and f = limf, (lim being the uniform limit), then the 


sequence 
a 


converges in E to an element of E independent of the particular sequence 
fn used to approach f uniformly. We denote this limit by 


[s 2 [10 a 


and call it the integral of f. The integral is linear in f, and satisfies the usual 


b 
rules concerning changes of intervals. (If b < a then we define i to be 
minus the integral from b to a.) . 
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As an immediate consequence of the definition, we get: 


Proposition 17. Let 1:E—R be a continuous linear map and let 
f: I > E be ruled. Then af = io f is ruled, and 


b b 
A { f(t)dt = [ Af (t) dt. 


Proof. If fn is a sequence of step functions converging uniformly to f, 
then Af, is ruled and converges uniformly to Af. Our formula follows at 
once. 


Taylor’s formula. Let E,F be Banach spaces. Let U be open in E. 
Let x,y be two points of U such that the segment x + ty lies in U for 
O0<t<l. Le 


f:U—-F 


be a C?-morphism, and denote by y) the “vector” (y,..., y) p times. Then 
the function D? f(x + ty): y is continuous in t, and we have 


flay. .., 4 DP flaye™” 
1! (piety 


fie +y) =f(e%) + 


a [ t (hens Df (a + ty)y dt. 
0 (p— 1)! 


Proof. By the Hahn-Banach theorem, it suffices to show that both sides 
give the same thing when we apply a functional 4 (continuous linear map 
into R). This follows at once from Propositions 13 and 17, together with 
the known result when F = R. In this case, the proof proceeds by in- 
duction on p, and integration by parts, starting from 


1 
fe@+y)-—f%) = [ Df (a + ty)y dt. 


0 


The next two corollaries are known as the mean value theorem. 


Corollary 1. Let E, F be two Banach spaces, U open in E, and x, z two 
distinct points of U such that the segment x + tz — x) (0 St S< 1) lies in 
U. Let f: U — F be continuous and of class C1. Then 


If(z) — f(x)| S lz — 2| sup [f'(6)1, 
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the sup being taken over all € in the segment. 


Proof. This comes from the usual estimations of the integral. Indeed, 
for any continuous map g: I — F we have the estimate 


[a a < K(b — a) 


if K is a bound for g on J, anda < b. This estimate is obvious for step 
functions, and therefore follows at once for continuous functions. 


Another version of the mean value theorem is frequently used. 


Corollary 2. Let the hypotheses be as in Corollary 1. Let xo be a point on 
the segment between x and z. Then 


If(z) — f(x) — f'(xo)(2 — 2)| S lz — &| sup |f"(C) — f'(xo)l, 
the sup taken over all & on the segment. 
Proof. We apply Corollary 1 to the map 
gle) = f(x) — f'(eo)e. 


Finally, let us make some comments on the estimate of the remainder 
term in Taylor’s formula. We have assumed that D?f is continuous. There- 
fore, D?f(x + ty) can be written 


D?f(% + ty) = D*f(x) + ply, t), 
where y depends on y, ¢ (and 2 of course), and for fixed x, we have 
lim |ip(y, t)| = 0 


as |y| > 0. Thus we obtain: 


Corollary 3. Let E, F be two Banach spaces, U open in E, and x a point 
of U. Let f: U + F be of class C?,p > 1. Then for all y such that the 
segment x + ty les in U (0 S t S 1), we have 


+ Phew... 4 Dw . a, 
Wy p! 


f(@ + y) =f(x) + 


with an error term O(y) satisfying 


lim O(y)/ly|? = 9. 
y+0 
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§5. The inverse mapping theorem 


The inverse function theorem and the existence theorem for differential 
equations (of Chapter IV) are based on the next result. 


Contraction lemma. Let M be a complete metric space, with distance 
function d, and let f: M + M be a mapping of M into itself. Assume that 
there ts a constant K,0 < K < 1, such that, for any two points x, y in M, 
we have 


d( f(x), fly)) < K da, y). 


Then f has a unique fixed point (a point such that f(x) = x). Given any 
point xo in M, the fixed point is equal to the limit of f"(ao) (iteration of f 
repeated n times) as n tends to infinity. 


Proof. This is a trivial exercise in the convergence of the geometric 
series, which we leave to the reader. 


Theorem 1. Let E,F be Banach spaces, U an open subset of E, and 
f: U — Fa C?-morphism with p = 1. Assume that for some point xo € U, 
the derivative f'(x%9): E — F is a toplinear isomorphism. Then f is a local 
OP? r1somorphism at xo. 


(By a local C?-isomorphism at xo, we mean that there exists an open 
neighborhood V of xo such that the restriction of f to V establishes a C?- 
isomorphism between V and an open subset of E.) 


Proof. Since a toplinear isomorphism is a C®-isomorphism, we may 
assume without loss of generality that E = F and f'(xo) is the identity 
(simply by considering f’(%)~} 0 f instead of f). After translations, we may 
also assume that 7) = 0 and f(z) = 0. 

We let g(x) = « — f(x). Then g’(zo) = 0 and by continuity there exists 
ry > O such that, if |x] < 2r, we have 


lg'(x)| < 2- 
From the mean value theorem, we see that |g(x)| < 4|z| and hence g maps 
the closed ball of radius 7, B,(0) into B;/2(0). 


We contend: Given y € B,)2(0), there exists a unique element x € B,(0) 
such that f(z) = y. We prove this by considering the map 


gy(t) = y + x — f(z). 


If |y| < 7/2 and |z| < 7, then |g,(x)| < r and hence g, may be viewed as 
a mapping of the complete metric space B,(0) into itself. The bound of $ 
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on the derivative together with the mean value theorem shows that gy is 
a contracting map, i.e. that 
Igy(z1) — Gy(x2)| = lg(x1) — g(e)| S dla — 22 


for 21, x2 € B,(0). By the contraction lemma, it follows that g, has a unique 
fixed point. But the fixed point of gy is precisely the solution of the equation 
f(x) = y. This proves our contention. 

We obtain a local inverse g = f~'. This inverse is continuous, because 


Jay — xe] S |f (x1) — f(xe)| + |g(v1) — g(xe)| 
and hence 


|zy — xe] S 2|f(x1) — f(zxe)]. 


Furthermore g is differentiable in B,/2(0)._ Indeed, let y; = f(v1) and 
y2 = f (x2) with y1, ye € By/2(0) and x1, x2 € B,(0). Then 


lp(y1) — (ye) — f'(x2)- (yr — y2)| = lar — ee — f'(a2)-"(f (x1) — f(x2))I- 


We operate on the expression inside the norm sign with the identity 


id = f'(x2)~*f' (x2). 


Estimating and using the continuity of f’, we see that for some constant A, 
the preceding expression is bounded by 


Alf’(x2)(%1 — %2) — f(%1) + f(x2)I. 


From the differentiability of f, we conclude that this expression is 0(z; — x2) 
which is also o(y; — yz) in view of the continuity of @ proved above. This 
proves that ¢ is differentiable and also that its derivative is what it should 
be, namely 


g'(y) = f'(ey))3, 


¢ 66 


for y € B;/2(0). Since the mappings Q, f’, ‘inverse’ are continuous, it follows 
that y’ is continuous and thus that ¢ is of class C’. Since taking inverses 
is C® and f’ is C?—', it follows inductively that g is 0”, as was to be shown. 


Note that this last argument also proves: 


Proposition 18. If f: U + V 1s a homeomorphism and is of class OC? 
with p = 1, and if f is a C'-isomorphism, then f is a C?-isomorphism. 


In some applications it is necessary to know that if the derivative of a 
map is close to the identity, then the image of a ball contains a ball of 
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only slightly smaller radius. The precise statement follows. In this book, 
it will be used only in the proof of the change of variables formula, and 
therefore may be omitted until the reader needs it. 


Lemma. Let U be open in E, and let f: U > E be of class 01. Assume 
that f(0) = 0, f’(0) =I. Letr > 0 and assume that B,(0) < U. Let 
0 < s < 1, and assume that 


f(z) — fel ss 
for all 2,26 B,(0). If ye E and |y| < (1 — s)r, then there exists a unique 
x € B,(0) such that f(x) = y. 
Proof. The map gy given by gy(x) = x — f(x) + y is defined for |z| < r 


and |y| < (1 — s)r, and maps B,(0) into itself because, from the estimate 


If) — x] = If(e) — £0) — f'O)2| S |x| sup |f'(2) — f'(0)| S sr, 
we obtain 
lg,(x)| S sr + (1 — s)r =r. 
Furthermore, gy is a shrinking map because, from the mean value theorem, 
we get 
\gy(x1) — gy(xe)| = |v1 — a2 — (f(x) — f(x2))| 
= |v, — %2 — f'(0)(%1 — Xa) + 4(21, x2)| 
= |d(a71, £2)| 
where 
|5(%1, %2)] S |e1 — wel sup |f'(z) — f"(0)| S sla — I. 
Hence gy has a unique fixed point 2 € B,(0) which is such that f(x) = y. 
This proves the lemma. 


We shall now prove some useful corollaries, which will be used in dealing 
with immersions and submersions later. We asswme that morphism means 
C?-morphism with p = 1. 


Corollary 1. Let U be an open subset of E, and f: U > F, x Fe a mor- 
phism of U into a product of Banach spaces. Let x9 ¢ U, suppose that 
f (xo) = (0,0) and that f'(x0) induces a toplinear isomorphism of E and 
F, = F, x 0. Then there exists a local isomorphism g of F, x Fo at (0, 0) 
such that 

g ay: U- F, x F, 
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maps an open subset U, of U into F; x 0 and induces a local isomorphism of 
U, at xo on an open neighborhood of 0 in F}. 


Proof. We may assume without loss of generality that F; = E (identify 
by means of f’(ao)) and 29 = 0. We define 


g:U x Fp > Fi x Fe 
by the formula 
p(x, y2) = f(x) + (0, y2) 
for x e U and y2€ Fe. Then g(x, 0) = f(x), and 
g'(0, 0) = f'(0) + (0, tde). 


Since f’(0) is assumed to be a toplinear isomorphism onto F, x 0, it follows 
that @’(0, 0) is also a toplinear isomorphism. Hence by the theorem, it 
has a local inverse, say g, which obviously satisfies our requirements. 


Corollary 1s. Let E, F be Banach spaces, U open in E, and f:U > Fa 
C?-morphism with p = 1. Let x9 e U. Suppose that f(xo) = 0 and f’ (x9) 
gives a toplinear isomorphism of E on a closed subspace of F which splits. 
Then there exists a local tsomorphism g: F > F, x Fe at 0 and an open 
subset U, of U containing xo such that the composite map g o f induces an 
isomorphism of U; onto an open subset of Fy. 


Considering the splitting assumption, this is a reformulation of Corollary 1. 


It is convenient to define the notion of splitting for injections. If E, F are 
topological vector spaces, and 4: E > F is a continuous linear map, which 
is injective, then we shall say that / splits if there exists a toplinear iso- 
morphism «: F > F, x Fe such that « o A induces a toplinear isomorphism 
of E onto F,; = F; x 0. In our corollary, we could have rephrased our 
assumption by saying that f’(x) is a splitting injection. 

For the next corollary, dual to the preceding one, we introduce the notion 
of a local projection. Given a product of two open sets of Banach spaces 
Vi x Vzand a morphism f: V; x V2 > F, we say that f is a projection (on 
the first factor) if f can be factored 


Vi x Vo 7 VO F 


into an ordinary projection and an isomorphism of V; onto an open subset 
of F. We say that f is a local projection at (a1, ag) if there exists an open 
neighborhood U; x Us, of (a), a2) such that the restriction of f to this 
neighborhood is a projection. 
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Corollary 2. Let U be an open subset of a product of Banach spaces 
E, x Ey and (a, a2) a point of U. Let f: U + F be a morphism into a 
Banach space, say f(a1, a2) = 0, and assume that the partial derivative 


Def (a1, a2): Eg > F 


1s a toplinear isomorphism. Then there exists a local isomorphism h of a 
product V; x V2 onto an open neighborhood of (a1, az) contained in U such 
that the composite map 


Vi x Veo 0 oF 


is a projection (on the second factor). 
Proof. We may assume (a), a2) = (0,0) and Ep = F. We define 
@: E, x Ey, > EF; x Ep 


by 
(x1, #2) = (21, f(x1, 2) 


locally at (a1, a2). Then 9’ is represented by the matrix 


(a 0 
Dif Def 
and is therefore a toplinear isomorphism at (a1, a2). By the theorem, it has 


a local inverse h which clearly satisfies our requirements. 


Corollary 2s. Let U be an open subset of a Banach space E and f: U > F 
a morphism into a Banach space F. Let x9 € U and assume that f'(x9) ts 
surjective, and that its kernel splits. Then there exists an open subset U’ of 
U containing x9 and an isomorphism 


h: Vi x Vo — U' 
such that the composite map f © h is a projection 
V1 x Vo — Vi = F, 


Proof. Again this is essentially a reformulation of the corollary, taking 
into account the splitting assumption. 


The implicit mapping theorem. Let U, V be open sets in Banach spaces 
E, F respectively, and let 


fiuUx VG 
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be a C? mapping. Let (a,b) e U x V, and assume that 
Dof (a, 6): F + G 


is a toplinear isomorphism. Let f(a,b) = 0. Then there exists a continuous 
map g: Uo — V defined on an open neighborhood Ug of a such that 
g(a) = b and such that 


f(x, g(x)) = 0 


forall x € Uo. If Uo is taken to be a sufficiently small ball, then g 1s uniquely 
determined, and is also of class O?. 


Proof. Let 4 = Dof(a,b). Replacing f by A~1 ef we may assume with- 
out loss of generality that Def(a, b) is the identity. Consider the map 


go:UxV->ExXxF 
given by 
p(x, y) = (x, f(x,y). 


Then the derivative of @ at (a, b) is immediately computed to be represented 
by the matrix 


I 0 is is 
Divas) =| let acca | (eterna 


whence ¢g is locally invertible at (a, 6) since the inverse of D(a, 6) exists 
and is the matrix 


(pif 4) 


We denote the local inverse of g by yw. We can write 
W(x, z) = (a, h(z, z)) 
where h is some mapping of class C?. We define 
g(x) = h(x, 0). 
Then certainly g is of class C? and 


(x, f(x, 9(x))) = e(2, 9(x)) = o(a, A(x, 0)) = e(W(x, 0)) = (x, 0). 


This proves the existence of a C? map g satisfying our requirements. 
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Now for the uniqueness, suppose that go is a continuous map defined 
near @ such that go(a) = 6 and f(z, go()) = c for all x near a. Then go(2) 
is near b for such x, and hence 


(2, go(x)) = (a, 0). 


Since ¢ is invertible near (a, b) it follows that there is a unique point (z, y) 
near (a, 6) such that (x, y) = (x, 0). Let Uo be a small ball on which g is 
defined. If go is also defined on Up, then the above argument shows that 
g and go coincide on some smaller neighborhood of a. Let 2 € Up and let 
v = x — a. Consider the set of those numbers ¢ with 0 < ¢ < 1 such that 
g(a + tv) = go(a + tv). This set is not empty. Let s be its least upper 
bound. By continuity, we have g(a + sv) = go(a + sv). Ifs < 1, we can 
apply the existence and that part of the uniqueness just proved to show 
that g and go are in fact equal in a neighborhood of a + sv. Hence s = I, 
and our uniqueness statement is proved, as well as the theorem. 


Note. The particular value f(a,b) = 0 in the preceding theorem is 
irrelevant. If f(a, b) = c for some c # 0, then the above proof goes through 
replacing 0 by c everywhere. 


CHAPTER II 
Manifolds 


Starting with open subsets of Banach spaces, one can glue them together 
with C?-isomorphisms. The result is called a manifold. We begin by giving 
the formal definition. We then make manifolds into a category, and discuss 
special types of morphisms. We define the tangent space at each point, 
and apply the criteria following the inverse function theorem to get a local 
splitting of a manifold when the tangent space splits at a point. 

We shall wait until the next chapter to give a manifold structure to the 
union of all the tangent spaces. 


§1. Atlases, charts, morphisms 


Let X be a set. An atlas of class C? (p = 0) on X is a collection of pairs 
(U;, gi) (2 ranging in some indexing set), satisfying the following conditions: 


AT 1. Each U; is a subset of X and the U; cover X. 


AT 2. Each yj ts a bijection of U; onto an open subset p,U; of some Banach 
space E; and for any 1, j, pi(Ui A Uj) ts open in Ej. 


AT 3. The map 
P1951: pi(Us O Us) > Oi Ui A U5) 
is a C?-tsomorphism for each pair of indices 1, j. 


It is a trivial exercise in point set topology to prove that one can give X 
a topology in a unique way such that each U; is open, and the qj are 
topological isomorphisms. We see no reason to assume that X is Hausdorff. 
If we wanted X to be Hausdorff, we would have to place a separation con- 
dition on the covering. This plays no role in the formal development in 
Chapters II and III. It is to be understood, however, that any construction 
which we perform (like products, tangent bundles, etc.) would yield Haus- 
dorff spaces if we start with Hausdorff spaces. 
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Each pair (Ui, gi) will be called a chart of the atlas. If a point x of X 
lies in U;, then we say that (U;, g;) is a chart at 2. 

In condition AT 2, we did not require that the vector spaces be the same 
for all indices 7, or even that they be toplinearly isomorphic. If they are all 
equal to the same space E, then we say that the atlas is an E-atlas. If two 
charts (U;, g;) and (Uj, gj) are such that U; and U; have a non-empty 
intersection, and if p > 1, then taking the derivative of gjpj} we see that 
E; and E; are toplinearly isomorphic. Furthermore, the set of points x ¢ X 
for which there exists a chart (U;, gi) at x such that E; is toplinearly iso- 
morphic to a given space E is both open and closed. Consequently, on each 
connected component of X, we could assume that we have an E-atlas for 
some fixed E. 

Suppose that we are given an open subset U of X and a topological iso- 
morphism g: U > U' onto an open subset of some Banach space E. We 
shall say that (U, @) is compatible with the atlas {(U;, g:)} if each map 
vip} (defined on a suitable intersection as in AT 3) is a C?-isomorphism. 
Two atlases are said to be compatible if each chart of one is compatible with 
the other atlas. One verifies immediately that the relation of compatibility 
bet*’een atlases is an equivalence relation. An equivalence class of atlases 
of class C? on X is said to define a structure of C?-manifold on X. If all 
the vector spaces E; in some atlas are toplinearly isomorphic, then we can 
always find an equivalent atlas for which they are all equal, say to the 
vector space E. We then say that X is an E-manifold or that X is modelled 
on E. 

IfE = R” for some fixed n, then we say that the manifold is n-dimensional. 
In this case, a chart 


go: U > R®” 


is given by n coordinate functions 9,..., @n. If P denotes a point of U, 
these functions are often written 


2(P), eeey Xn(P), 


or simply 21,...,%n. They are called local coordinates on the manifold. 

If the integer p (which may also be oo) is fixed throughout a discussion, 
we also say that X is a manifold. 

The collection of C?-manifolds will be denoted by Man”. If we look only 
at those modelled on spaces in a category YW then we write Man?(Q). Those 
modelled on a fixed E will be denoted by Man?(E). We shall make these 
into categories by defining morphisms below. 
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Let X be a manifold, and U an open subset of X. Then it is possible, in 
the obvious way, to induce a manifold structure on U, by taking as atlases 
the intersections 


(Ui 0 U, gi | (Uren U)). 


If X is a topological space, covered by open subsets Vj, and if we are given 
on each V; a manifold structure such that for each pair j, 7’ the induced 
structure on V; ~ Vj coincides, then it is clear that we can give to X a 
unique manifold structure inducing the given ones on each Vj. 


Example. Let X be the real line, and for each open interval U;, let g; 
be the function g;(¢) = ¢3. Then the gjg;! are all equal to the identity, 
and thus we have defined a C”-manifold structure on R! 


If X, Y are two manifolds, then one can give the product X x Y a 
manifold structure in the obvious way. If {(U;, gi)} and {(Vj;, w;)} are 
atlases for X, Y respectively, then 


{(Ut x Vy, pe x Wy} 


is an atlas for the product, and the product of compatible atlases gives rise 
to compatible atlases, so that we do get a well-defined product structure. 

Let X, Y be two manifolds. Let f: X — Y be amap. We shall say that 
f is a C?-morphism if, given x € X, there exists a chart (U, @) at x and a 
chart (V, ) at f(x) such that f(U) < V, and the map 


Vefeg-t:9U > Ww 


is a C?-morphism in the sense of Chapter I, §3. One sees then immediately 
that this same condition holds for any choice of charts (U, g) at x and 
(V, W) at f(x) such that f(U) < JV. 

It is clear that the composite of two C?-morphisms is itself a C?-morphism 
(because it is true for open subsets of vector spaces). The C?-manifolds 
and C?-morphisms form a category. The notion of isomo. phism is therefore 
defined, and we observe that in our example of the real line, the map 
t + ¢3 gives an isomorphism between the funny differentiable structure and 
the usual one. 

If f: X > Y is a morphism, and (U, g) is a chart at a point ze X, while 
(V, w) is a chart at f(x), then we shall also denote by 


fy.p: 9U > WV 
the map yfo7!. 
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It is also convenient to have a local terminology. Let U be an open set 
(of a manifold or a Banach space) containing a point x. By a local iso- 
morphism at x) we mean an isomorphism 


f:U17>- V 


from some open set U; containing x9 (and contained in U) to an open set V 
(in some manifold or some Banach space). Thus a local isomorphism is 
essentially a change of chart, locally near a given point. 


§2. Submanifolds, immersions, submersions 


Let X be a topological space, and Y a subset of X. We say that Y is 
locally closed in X if every point ye Y has an open neighborhood U in X 
such that Y q U is closed in U. One verifies easily that a locally closed 
subset is the intersection of an open set and a closed set. For instance, any 
open subset of X is locally closed, and any open interval is locally closed 
in the plane. 

Let X be a manifold (of class C? with p = 0). Let Y be a subset of X 
and assume that for each point y € Y there exists a chart (V, w) at y such 
that w gives an isomorphism of V with a product V; x V2 where Vj is 
open in some space Ej and V¢ is open in some space Eg, and such that 


WYoV) = Vi X ae 


for some point az € V2 (which we could take to be 0). Then it is clear that 
Y is locally closed in X. Furthermore, the map wW induces a bijection 


Wey an ova 


The collection of pairs (Y ~ V, 1) obtained in the above manner constitutes 
an atlas for Y, of class C?. The verification of this assertion, whose formal 
details we leave to the reader, depends on the following obvious fact. 


Lemma 1. Let U;, U2, Vi, Ve be open subsets of Banach spaces, and 
g: U, x Ug > Vi x Vo a C”-morphism. Let az € Uz and be € V2 and 
assume that g maps U, x a2 into Vy x be. Then the induced map 


OE 
1s also a morphism. 
Indeed, it is obtained as a composite map 
U; > U; x U2> Vi x “Ve Ji, 


the first map being an inclusion and the third a projection. 
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We have therefore defined a C?-structure on Y which will be called a 
submanifold of X. This structure satisfies a universal mapping property, 
which characterises it, namely: 


Given any map f: Z + X from a manifold Z into X such that f(Z) is con- 
tained in Y. Let fy: Z —> Y be the induced map. Then f is a morphism 
uf and only tf fy ts a morphism. 


The proof of this assertion depends on Lemma 1, and is trivial. 


Finally, we note that the inclusion of Y into X is a morphism. 
If Y is also a closed subspace of X, then we say that it is a closed sub- 
manifold. 


Suppose that X is finite dimensional of dimension n, and that Y is a 
submanifold of dimension r. Then from the definition we see that the local 
product structure in a neighborhood of a point of Y can be expressed in 
terms of local coordinates as follows. Each point P of Y has an open neigh- 
borhood U in X with local coordinates (71,..., %,) such that the points of 
Y in U are precisely those whose last »—r coordinates are 0, that is, those 
points having coordinates of type 


ee. SRD 350). 


Let f: Z + X be a morphism, and let ze Z. We shall say that f is an 
immersion at z if there exists an open neighborhood Z; of z in Z such that 
the restriction of f to Z; induces an isomorphism of Z; onto a submanifold 
of X. We say that f is an immersion if it is an immersion at every point. 


Note that there exist injective immersions which are not isomorphisms 
onto submanifolds, as given by the following example: 


(The arrow means that the line approaches itself without touching.) An 
immersion which does give an isomorphism onto a submanifold is called an 
embedding, and it is called a closed embedding if this submanifold is closed. 

A morphism f: X > Y will be called a submersion at a point xe X if 
there exists a chart (U, ~) at x and a chart (V, w) at f(x) such that @ gives 
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an isomorphism of U on a product U, x Uz, (U; and Ug open in some 
Banach spaces), and such that the map 


Wfo-1 = fyy: U1 x U2 > V 


is a projection. One sees then that the image of a submersion is an open 
subset (a submersion is in fact an open mapping). We say that f is a 
submersion if it is a submersion at every point. 

For manifolds modelled on Banach spaces, we have the usual criterion 
for immersions and submersions in terms of the derivative. 


Proposition 1. Let X, Y be manifolds of class C? (p = 1) modelled on 
Banach spaces. Let f: X - Y be a C?-morphism. Let xe X. Then: 


(i) f is an immersion at x if and only if there exists a chart (U, ~) at x and 
(V, W) at f(x) such that fy 7(px) 18 injective and splits. 


(ii) f is a submersion at x if and only tf there exists a chart (U, @) at x and 
(V, w) at f(x) such that fy (px) ts surjective and its kernel splits. 


Proof. This is an immediate consequence of Corollaries 1 and 2 of the 
inverse function theorem. 


The conditions expressed in (i) and (ii) depend only on the derivative, 
and if they hold for one choice of charts (U, @) and (V, w) respectively, then 
they hold for every choice of such charts. It is therefore convenient to 
introduce a terminology in order to deal with such properties. 

Let X be a manifold of class C? (p 2 1). Let x be a point of X. We 
consider triples (U, @, v) where (U, @) is a chart at x and v is an element 
of the vector space in which @U lies. We say that two such triples (U, g, v) 
and (V,w, w) are equivalent if the derivative of wo~1 at gx maps v on w. 
The formula reads: 


(Wot) (pxyu = w 


(obviously an equivalence relation by the chain rule). An equivalence class 
of such triples is called a tangent vector of X at x. The set of such tangent 
vectors is called the tangent space of X at x and is denoted by 7,(X). Each 
chart (U, g) determines a bijection of 7',(X) on a Banach space, namely 
the equivalence class of (U, @, v) corresponds to the vector v. By means 
of such a bijection it is possible to transport to 7,(X) the structure of 
topological vector space given by the chart, and it is immediate that this 
structure is independent of the chart selected. 

If U,V are open in Banach spaces, then to every morphism of class 
C” (p = 1) we can associate its derivative Df(x). If now f: X > Y is a 
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morphism of one manifold into another, and x a point of X, then by means 
of charts we can interpret the derivative of f on each chart at x asa mapping 


Papa X) + Digs (Y). 


Indeed, this map Tf is the unique linear map having the following 
property. If (U, @) is a chart at x and (V, w) is a chart at f(x) such that 
f(U) < Vand dis a tangent vector at x represented by v in the chart (U, g), 
then 


T zf(o) 


is the tangent vector at f(x) represented by Dfy y(x)v. The representation 
of Tf on the spaces of charts can be given in the form of a diagram. 


T,(X) —> E 


Fe | | fo,r@) 
T'a)(Y) — F 


The map 7,,f is obviously continuous and linear for the structure of topologi- 
cal vector space which we have placed on 7';(X) and T'p(z)(Y). 
As a matter of notation, we shall sometimes write f,,. instead of 7';f. 
The operation 7’ satisfies an obvious functorial property, namely, if 
f:X — Y andg: Y — Z are morphisms, then 


T(9 of) = Tya(9) ° Telf) 
T (id) = 1d. 


We may reformulate Proposition 1: 


Proposition 2, Let X, Y be manifolds of class C? (p 2 1) modelled on 
Banach spaces. Let f: X > Y bea C?-morphism. Let xe X. Then: 

(i) f is an immersion at x if and only if the map Tf is injective and splits. 
(ii) f 7s @ submersion at x if and only if the map Tf is surjective and tts 


kernel splits. 


Note. If X, Y are finite dimensional, then the condition that Tf splits 
is superfluous. Every subspace of a finite dimensional vector space splits. 


Example. Let E be a (real) Hilbert space, and let (a, y> € R be its inner 
product. Then the square of the norm f(r) = <x, x> is obviously of class 
C°. The derivative f’(x) is given by the formula 


f(x)y = 2Xx, y> 
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and for any given x # 0, it follows that the derivative f’(x) is surjective. 
Furthermore, its kernel is the orthogonal complement of the subspace 
generated by a, and hence splits. Consequently the unit sphere in Hilbert 
space is a submanifold. 


If W is a submanifold of a manifold Y of class C? (p 2 1), then the 
inclusion 


i:WoY 
induces a map 


T yi: Ty(W) > T w(Y) 


which is in fact an inclusion. From the definition of a submanifold, one 
sees immediately that the image of 7,1 splits. It will be convenient to 
identify T,,(W) in T,,( Y) if no confusion can result. 

A morphism f: X — Y will be said to be transversal over the submanifold 
W of Y if the following condition is satisfied. 

Let 2 € X be such that f(z) e W. Let (V, w) be a chart at f(x) such that 
w: V - Vi x Ve is an isomorphism on a product, with p(f(x)) = (0, 0) 
and W(W mV) = Vi x 0. Then there exists an open neighborhood U of 
x such that the composite map 


giv vx Va 


is a submersion. 

In particular, if f is transversal over W, then f~1(W) is a submanifold of 
X, because the inverse image of 0 by our local composite map (pro Wo f) 
is equal to the inverse image of W mn V by w. 

As with immersions and submersions, we have a characterization of trans- 
versal maps in terms of tangent spaces. 


Proposition 3. Let X, Y be manifolds of class C? (p = 1) modelled on 
Banach spaces. Let f: X — Y be a C?-morphism, and W a submanifold of 
Y. The map f is transversal over W if and only if for each x € X such that 
f(x) lies in W, the composite map 


T(X) > TY) > Pol Y)Tu(W) 


with w = f(x) ts surjective and its kernel splits. 


Proof. If f is transversal over W, then for each point ze X such that 
f(x) lies in W, we choose charts as in the definition, and reduce the question 
to one of maps of open subsets of Banach spaces. In that case, the conclusion 
concerning the tangent spaces follows at once from the assumed direct 
product decompositions. Conversely, assume our condition on the tangent 
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map. The question being local, we can assume that Y = V, x Vo is a 
product of open sets in Banach spaces such that W = V, x 0, and we can 
also assume that X = U is open in some Banach space, x = 0. Then we 
let g: U + Vz be the map zo f where z is the projection, and note that our 
assumption means that g’(0) is surjective and its kernel splits. Furthermore, 
g~1(0) = f~1(W). We can then use Corollary 2 of the inverse function 
theorem to conclude the proof. 


Remark. In the statement of our proposition, we observe that the sur- 
jectivity of the composite map is equivalent to the fact that 7',,( Y) is equal 
to the sum of the image of 7';f and 7',,(W), that is 


TylY) = Im (Tf) + Im (7,1), 


where 1: W > Y is the inclusion. In the finite dimensional case, the other 
condition is therefore redund&nt. 


If E is a Banach space, then the diagonal Ain E x E is a closed subspace 
and splits: Either factor E x 0 or 0 x E is a closed complement. Con- 
sequently, the diagonal is a closed submanifold of E x E. If X is any 
manifold of class C?, » = 1, then the diagonal is therefore also a submani- 
fold. (It is closed of course if and only if X is Hausdorff.) 

Let f: X —~ Zand g: Y > Z be two C?-morphisms, p = 1. We say that 
they are transversal if the morphism 


f{xg:X% x YoZxZ 


is transversal over the diagonal. We remark right away that the surjectivity 
of the map in Proposition 3 can be expressed in two ways. Given two points 
xe X and ye ¥ such that f(x) = g(y) = z, the condition 


Im (Tzf) + Im (Tyg) = TZ) 
is equivalent to the condition 
Im (Tz, (f x 9)) + Tyz,2)(A) = Te,2(Z x Z). 


Thus in the finite dimensional case, we could take it as definition of trans- 


versality. 
We use transversality as a sufficient condition under which the fiber 


product of two morphisms exists. We recall that in any category, the 
fiber product of two morphisms f: X > Z and g: Y > Z over Z consists of 
an object P and two morphisms 


gu: P > xX and g2:P—> Y 
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such that fog: = ggg, and satisfying the universal mapping property: 
Given an object S and two morphisms w;:S > X and u2:S > Y such 
that fui = gue, there exists a unique morphism u:S > P making the 
following diagram commutative. 


Iu 
U1 u2 


J oN 
x v7 
\ A 


The triple (P, 91, gz) is uniquely determined, up to a unique isomorphism 
(in the obvious sense), and P is also denoted by X xz Y. 

One can view the fiber product unsymmetrically. Given two morphisms 
f, 9 as in the following diagram, 


a 


|o 


De made 4 
assume that their fiber product exists, so that we can fill in the diagram: 


pO NG 


aie 


ASS See 


We say that g; is the pullback of g by f, and also write it as f*(g). Similarly, 
we write X x, Y as f*(Y). 

In our category of manifolds, we shall deal only with cases when the fiber 
product can be taken to be the set-theoretic fiber product on which a 
manifold structure has been defined. (The set-theoretic fiber product is the 
set of pairs of points projecting on the same point.) This determines the 
fiber product uniquely, and not only up to a unique isomorphism. 


Proposition 4. Let f: X > Zand g: Y > Z be two C?-morphisms with 
p 21. If they are transversal, then 


(f x g)~ 1(Az), 
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together with the natural morphisms into X and Y (obtained from the pro- 
jections), is a fiber product of f and g over Z. 


Proof. Obvious. 


To construct a fiber product, it suffices to do it locally. Indeed, let 
f: X + Zand g: Y > Z be two morphisms. Let {V;} be an open covering 
of Z, and let 


fi: f4Vi) > Ve = amd gs gg (Vi) > OV; 


be the restrictions of f and g to the respective inverse images of V;. Let 
P =(f x g)~1(Az). Then P consists of the points (x, y) with ze X and 
y € Y such that f(z) = g(y). We view P as a subspace of X x Y (i.e. with 
the topology induced by that of X x Y). Similarly, we construct P; with 
fi and gj. Then P; is open in P. The projections on the first and second 
factors give natural maps of P; into f~1(V;) and g~1(V;), and of P into X 
and Y. 


Proposition 5. Assume that each P; admits a manifold structure (com- 
patible with its topology) such that these maps are morphisms, making P; 
into a fiber product of fi and gi. Then P, with its natural projections, 1s a 
fiber product of f and g. 


To prove the above assertion, we observe that the P; form a covering of 
P. Furthermore, the manifold structure on P; ~ P; induced by that of 
P;, or P; must be the same, because it is the unique fiber product structure 
over Vi; V;, for the maps fi; and gi; (defined on f~1(Vi nm V3) and 
g-1(Vi cv Vj) respectively). Thus we can give P a manifold structure, in 
such a way that the two projections into X and Y are morphisms, and make 
P into a fiber product of f and g. 

We shall apply the preceding discussion to vector bundles in the next 
chapter, and the following local criterion will be useful. 


Proposition 6. Let f: X > Z be a morphism, and g:Z x W > Z be the 
projection on the first factor. Then f,g have a fiber product, namely the 
product X x W together with the morphisms of the following diagram. 


Ge Ws 2 ew 


Pri | | pr 


Xe yee 
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§3. Partitions of unity 


Let X be a manifold of class C?. A function on X will be a morphism of 
X into R, of class C”, unless otherwise specified. The C? functions form a 
ring §?(X). The support of a function f is the closure of the set of points x 
such that f(x) # 0. 

Let X be a topological space. A covering of X is locally finite if every 
point has a neighborhood which intersects only finitely many elements 
of the covering. A refinement of a covering of X is a second covering, each 
element of which is contained in an element of the first covering. A top- 
ological space is paracompact if it is Hausdorff, and every open covering 
has a locally finite open refinement. 


Proposition 7. If X is a paracompact space, and if {U;} is an open 
covering, then there exists a locally finite open covering {V;} such that 
Vi; < U; for each 1. 


Proof. Let {Vx} be a locally finite open refinement of {U;}. For each k 
there is an index i(k) such that Vz <c Ujx). We let W; be the union of those 
Vx such that 7(k) = 7. Then the W; form a locally finite open covering, 
because any neighborhocd of a point which meets infinitely many W; must 
also meet infinitely many Vx. 


Proposition 8. If X 1s paracompact, then X 1s normal. If, furthermore, 
{Ui} ts a locally finite open covering of X, then there exists a locally finite 
open covering {Vi} such that Vi < Uj. 


Proof. We refer the reader to Bourbaki [6]. 


Observe that Proposition 7 shows that the insistence that the indexing 
set of a refinement be a given one can easily be achieved. 

A partition of unity (of class C?) on a manifold X consists of an open 
covering {U;} of X and a system of functions 


Wi:X OR 


satisfying the following conditions. 
PU 1. Forallxe X we have wi(x) = 0. 
PU 2. The support of Wi 1s contained in U;. 
PU 3. The covering is locally finite. 
PU 4. For each point x € X we have 


Y ve) = 1. 
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(The sum is taken over all 7, but is in fact finite for any given point x in 
view of PU 3.) 

We sometimes say that {(U;, ¥)} is a partition of unity. 

A manifold X will be said to admit partitions of unity if it is paracompact, 
and if, given a locally finite open covering {U;}, there exists a partition of 
unity {y;} such that the support of y; is contained in Uj. 

If {U;} is a covering of X, then we say that a covering {Vx} is sub- 
ordinated to {U;} if each Vx is contained in some Uj. 

It is desirable to give sufficient conditions on a manifold in order to insure 
the existence of partitions of unity. There is no difficulty with the topo- 
logical aspects of this problem. It is known that a metric space is para- 
compact (cf. Bourbaki [6]), and on a paracompact space, one knows how to 
construct continuous partitions of unity (loc. cit.). However, in the case of 
infinite dimensional manifolds, certain difficulties arise to construct dif- 
ferentiable ones, and it is known that a Banach space itself may not admit 
partitions of unity (say of class C”). In the finite dimensional case, the 
existence will follow from the next theorem. 

If E is a Banach space, we denote by B,(a) the open ball of radius r and 
center a, and by B,(a) the closed ball of radius r and center a. If a = 0, 
then we write B, and B, respectively. Two open balls (of finite radius) are 
obviously C”-isomorphic. If X is a manifold and (V, @) is a chart at a point 
x € X, then we say that (V, @) (or simply V) is a ball of radius r if pV is a 
ball of radius r in the Banach space. 


Theorem 1. Let X be a manifold which is locally compact, Hausdorff, and 
whose topology has a countable base. Given an open covering of X, then there 
exists an atlas {(Vx, px)} such that the covering {Vx} is locally finite and 
subordinated to the given covering, such that pyVx ts the open ball B3, and 
such that the open sets Wy = pz 1(B1) cover X. 


Proof. Let U1, Ue,... be a basis for the open sets of X such that each 
U, is compact. We construct inductively a sequence Aj, A2,... of com- 
pact sets whose union is X, such that A; is contained in the interior of 
Ai4i. We let Ay = Uj. Suppose we have constructed A;. We let 7 be the 
smallest integer such that A; is contained in U; U-::U Uj. We let Aix1 
be the closed and compact set 


Oyuesru OU; v 441. 


For each point z € X we can find an arbitrarily small chart (Vz, gz) at 
x such that ~,V, is the ball of radius 3 (so that each V, is contained in some 
element of U). We let Wz = 7 1(B1) be the ball of radius 1] in this chart. 


We can cover the set 


Aiy1 — Int (Aj) 
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(intuitively the closed annulus) by a finite number of these balls of radius 


1, say Wi,..., Wn, such that, at the same time, each one of Vi,..., Vn is 
contained in the open set Int (Ai,2) — A¢-1 (intuitively, the open annulus 
of the next bigger size). We let 8; denote the collection V;,..., Vn and 


let 8 be composed of the union of the B;. Then 8 is locally finite, and we 
are done. 


Corollary. Let X be a manifold which is locally compact Hausdorff, and 
whose topology has a countable base. Then X admits partitions of unity. 


Proof. Let {(Vx, @x)} be as in the theorem, and Wy = g,1(B1). We can 
find a function Wr of class C? such that 0 < Wx S 1, such that wz(x) = 1 
for x € Wy and wW;(z) = 0 for x € Vx. (The proof is recalled below.) We 
now let 


w=Vve 


(a sum which is finite at each point), and we let yz; = Wz/y. Then {(Vx, yx)} 
is the desired partition of unity. 


We now recall the argument giving the function Wz. First, given two real 
numbers r,s with 0 < r < s, the function defined by 


exh (——.) 
(¢ — r)(s — t) 


in the open interval r < ¢ < s and 0 outside the interval determines a 
bell-shaped C®%-function from R into R. Its integral from minus infinity 
to t, divided by the area under the bell yields a function which lies strictly 
between 0 and 1 in the interval 7 < t < s, is equal to 0 for ¢ < r and is 
equal to 1 fort 2 s. (The function is even monotone increasing.) 

We can therefore find a real valued function of a real variable, say n(é), 
such that y(t) = 1 for |t]) < 1 and y(t) = 0 for |é| = 1 + 6 with small 6, 
and such that 0 < 4 < 1. If Eis a Hilbert space, then n(|z|2) = W(x) gives 
us a function which is equal to 1 on the ball of radius 1 and 0 outside the 
ball of radius 1 + 6. This function can then be transported to the manifold 
by any given chart whose image is the ball of radius 3. 

In a similar way, one would construct a function which is > 0 on a given 
ball and = 0 outside this ball. 

Partitions of unity constitute the only known means of gluing together 
local mappings (into objects having an addition, namely vector bundles, 
discussed in the next chapter). It is therefore important, in both the Banach 
and Hilbert cases, to determine conditions under which they exist. In the 
Banach case, there is the added difficulty that the argument just given to 
get a local function which is 1 on B, and 0 outside Be fails if one cannot find 
a differentiable function of the norm, or of an equivalent norm used to 
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define the Banachable structure. The existence of such functions is not 
known as this book is written. 

Even though it is not known whether Theorem 1 extends to Hilbert 
manifolds, it is still possible to construct partitions of unity in that case. 
As Eells pointed out to me, Dieudonné’s method of proof showing that 
separable metric space is paracompact can be applied for that purpose (this 
is Lemma | below), and I am indebted to him for the following exposition. 

We need some lemmas. We use the notation °A for the complement of a 
set A. 

Let M be a metric space with distance function d. We can then speak of 
open and closed balls. For instance B(x) denotes the closed ball of radius a 
with center x. It consists of all points y with d(y, x) < a. An open subset 
V of M will be said to be scalloped if there exist open balls U, U,..., Um 
in M such that 


V=UAU A?) Um: 


A covering {V;} of a subset W of M is said to be locally finite (with respect 
to W) if every point « e W has a neighborhood which meets only a finite 
number of elements of the covering. 


Lemma 1. Let M be a metric space and {U;} (i = 1, 2,...) a countable 
covering of a subset W by open balls. Then there exists a locally finite open 
covering {Vi} (¢ = 1,2,...) of W such that Vi c U;, for all i, and such 
that V; 1s scalloped for all 1. 


Proof. We define V; inductively as follows. Each U; is a ball, say 
Ba,(x;:). Let Vi = U;. Having defined V;_1, let 


1 
RSV tie— —; «+», eee) — — 
a v 


and let 


Vi = U; O °B, (a1) faye 2° (a) °B 


rn ,6Pt-D) 


it being understood that a ball of negative radius is empty. Then each V; 
is scalloped, and is contained in U;. We contend that the V; cover W. 
Indeed, let x be an element of W. Let j be the smallest index such that 
ae U;. Then xe V;, for otherwise, x would be in the complement of V; 
which is equal to the union of °U; and the balls 

B, (a1) u's: UB 


ry 1,40%9-D- 


Hence x would lie in some U; with 7 < j, contradiction. 
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There remains to be shown that our covering {V;} is locally finite. Let 
xe W. Then z lies in some Un. Let s be a very small number > 0 such 
that the ball B,(x) is contained in Un. Let ¢ = s/2. For allt sufficiently 
large, the ball B,(x) is contained in Ba,-1/(%n) = Br,,(%n) and therefore 
this ball does not meet V;. We have found a neighborhood of 7 which meets 
only a finite number of members of our covering, which is consequently 
locally finite (with respect to W). 


Lemma 2. Let U be an open ball in Hilbert space E and let 
V=UNT10°°:0n Um 


be a scalloped open subset. Then there exists a C”-function m: E > R such 
that w(x) > 0 if xe V and a(x) = 0 otherwise. 


Proof. For each U; let gj: E > R be a function such that 
Oso(z) <1 ifeeU, 
gi(z) = 1 if x e Uj. 


Let (x) be a function such that g(x) > 0 on U and g(x) = 0 outside U. 
Let 


(x) = o(z)[] A — gilz)). 
Then w(x) satishes our requirements. 


Theorem 2. Let Aj, Az be non-void, closed, disjoint subsets of a separable 
Hilbert space E. Then there exists a C®-function y:E — R such that 
W(x) = Oifxe Ai and W(x) = lifxe Ao, and0 < W(x) S 1 for all x. 


Proof. By Lindelof’s theorem, we can find a countable collection of open 
balls {U;} (¢ = 1, 2,...) covering Az and such that each U; is contained in 
the complement of A;. Let W be the union of the U;. We find a locally 
finite refinement {V;} as in Lemma 1. Using Lemma 2, we find a function 
@; which is >0 on V; and 0 outside V;. Let w = ¥ a; (the sum is finite 
at each point of W). Then w(x) > 0 if e€ Ae, and w(x) = Oif x e€ Aj. 

Let U be the open neighborhood of Az on which w is > 0. Then Ag and 
°U are disjoint closed sets, and we can apply the above construction to obtain 
a function ¢: E > R which is > 0 on °U and = 0 on Ap. We let p = 
w/(o + w). Then w satisfies our requirements. 


Corollary. Let X be a paracompact manifold of class C”, modelled on a 
separable Hilbert space EF. Then X admits partitions of unity (of class O°). 


Proof. \t is trivially verified that an open ball of finite radius in E is 
C®-isomorphic to E. (We reproduce the formula in Chapter VII.) Given 
any point x « X, and a neighborhood N of x, we can therefore always find 
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a chart (G, y) at x such that y@ = E, and Gc N. Hence, given an open 
covering of X, we can find an atlas {(G,, y,)} subordinated to the given cover- 
ing, such that y,G, = E. By paracompactness, we can find a refinement 
{Ui} of the covering {G,} which is locally finite. Each U; is contained in 
some G,,;, and we let @; be the restriction of y,,. to U;.. We now find open 
refinements {V;} and then {W;} such that 


Wee V, a) ag, 


the bar denoting closure in X. Each V; being closed in X, it follows from 
our construction that OV; is closed in E, and so is iW. Using the theorem, 
and transporting functions on E to functions on X by means of the gj, we 
can find for each i a C?-function yi: X > R which is 1 on W; and O on 
X — Vy. We let YW = Y Wand 6 = Wi/p. Then the collection {6;} is the 
desired partition of unity. 


§4. Manifolds with boundary 


Let E be a Banach space, and 2: E > R a continuous linear map into 
R. (This will also be called a functional on E.) We denote by E? the kernel 
of A, and by Ej (resp. Ez7) the set of points x ¢E such that A(x) = 0 
(resp. A(z) < 0). We call E? a hyperplane and Ej or Ej; a half plane. 

If p is another functional and Ex = EJ, then there exists a number c > 0 
such that 4 = cy. This is easily proved. Indeed, we see at once that the 
kernels of 1 and y must be equal. Suppose 1 4 0. Let xo be such that 
A(x) > 0. Then p(x) > 0 also. The functional 2 — (A(o)/p(x0))e vanishes 
on the kernel of 4 (or p) and also on x. Therefore it is the 0 functional, 
and ¢ = A(m)/u(20). 

Let E, F be Banach spaces, and let Ej and F be two half planes in 
E and F respectively. Let U, V be two open subsets of these half planes 
respectively. We shall say that a mapping 


fo V 


is a morphism of class C” if the following condition is satisfied. Given a 
point z € U, there exists an open neighborhood U, of x in EK, an open neigh- 
borhood V, of f(x) in F, and a morphism f;: U; > Vj, (in the sense of 
Chapter I) such that the restriction of f; to U; m U is equal to f. (We 
assume that all morphisms are of class C? with p 2 1.) 

If our half planes are full planes (i.e. equal to the vector spaces them- 
selves), then our present definition is the same as the one used previously. 

If we take as objects the open subsets of half planes in Banach spaces, 
and as morphisms the C?-morphisms, then we obtain a category. The 
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notion of isomorphism is therefore defined, and the definition of manifold 
by means of atlases and charts can be used as before. The manifolds of §1 
should have been called manifolds without boundary, reserving the name of 
manifold for our new globalized objects. However, in most of this book, 
we shall deal exclusively with manifolds without boundary for simplicity. 
The following remarks will give the reader the means of extending any 
result he wishes (provided it is true) from the case of manifolds without 
boundaries to the case of manifolds with. 
First, concerning the notion of derivative, we have: 


Proposition 9. Let f: U > F and g: U > F be two morphisms of class 
C? (p = 1) defined on an open subset U of E. Assume that f and g have the 
same restriction to U 7 E} for some half plane Ej, and let xe U 4 Ej. 
Then f'(x) = g'(z). 


Proof. After considering the difference of f and g, we may assume without 
loss of generality that the restriction of f to U ( Ej is 0. It is then obvious 
that f’(z) = 0. 


Proposition 10. Let U be open in E. Let p be a non-zero functional on F 
and let f: U + FY be a morphism of class C? with p = 1. If x is a point of 
U such that f(x) lies in F) then f'(x) maps E into F?. 


Proof. Without loss of generality, we may assume that x = 0 and 
f(z) = 0. Let W be a given neighborhood of 0 in F. Suppose that we can 
find a small element v € E such that pf'(0)v 4 0. We can write (for small ¢): 


F(tv) = tf (Ojo + oft)w, 


with some element w,¢ W. By assumption, f(tv) lies in Ff. Applying 
we get 


tuf'(O)v + o(t)u(w,) 2 0. 


Dividing by t, this yields 


ufo = 2 pw), 


Replacing t by —t, we get a similar inequality on the other side. Letting 
¢ tend to 0 shows that pf’(0)v = 0, a contradiction. 

Let U be open in some half plane Ey. We define the boundary of U 
(written dU) to be the intersection of U with E?, and the interior of U 
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(written Int (U)) to be the complement of dU in U. Then Int (U) is open 
in E. 

It follows at once from our definition of differentiability that a half plane 
is C®-isomorphic with a product 


E} ~ E® x R* 


where R* is the set of real numbers 2 0, whenever 4 4 0. The boundary 
of Ej in that case is E® x 0. 


Proposition 11, Let 4 be a functional on E and p a functional on F. Let 
U be open in Ez and V open in Ff and assume U ~ ES, V a F® are not 
empty. Let f: U —+ V be an isomorphism of class C? (p = 1). Then 
A # 0 if and only if wp # 0. If A # 0, then f induces a C?-isomorphism 
of Int (U) on Int (V) and of dU on OV. 


Proof. By the functoriality of the derivative, we know that f’(x) is a 
toplinear isomorphism for each x € U. Our first assertion follows from the 
preceding proposition. We also see that no interior point of U maps on a 
boundary point of V and conversely. Thus f induces a bijection of dU on 
OV and a bijection of Int (U) on Int (V). Since these interiors are open in 
their respective spaces, our definition of derivative shows that f induces an 
isomorphism between them. As for the boundary, it is a submanifold of 
the full space, and locally, our definition of derivative, together with the 
product structure, shows that the restriction of f to (U must be an isomor- 


phism on 6V. 


This last proposition shows that the boundary is a differentiable invariant, 
and thus that we can speak of the boundary of a manifold. 

We give just two words of warning concerning manifolds with boundary. 
First, products do not exist in their category. Indeed, to get products, we 
are forced to define manifolds with corners, which would take us too far 
afield. 

Second, in defining immersions or submanifolds, there is a difference in 
kind when we consider a manifold embedded in a manifold without boundary, 
or a manifold embedded in another manifold with boundary. Think of a 
closed interval embedded in an ordinary half plane. Two cases arise. The 
case where the interval lies inside the interior of the half plane is essentially 
distinct from the case where the interval has one end point touching the 
hyperplane forming the boundary of the half plane. (For instance, given 
two embeddings of the first type, there exists an automorphism of the half 
plane carrying one into the other, but there cannot exist an automorphism 
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of the half plane carrying an embedding of the first type into one of the 
second type.) 

We leave it to the reader to go systematically through the notions of 
tangent space, immersion, embedding (and later, tangent bundle, vector 
field, etc.) for arbitrary manifolds (with boundary). For instance, Proposition 
1 shows at once how to get the tangent space functorially. 


CHAPTER III 


Vector Bundles 


The collection of tangent spaces can be glued together to give a manifold 
with a natural projection, thus giving rise to the tangent bundle. The 
general glueing procedure can be used to construct more general objects 
known as vector bundles, which give powerful invariants of a given manifold. 
(For an interesting theorem see Mazur [14].) In this chapter, we develop 
purely formally certain functorial constructions having to do with vector 
bundles. In the chapters on differential forms and Riemannian metrics, 
we shall discuss in greater detail the constructions associated with multi- 
linear alternating forms, and symmetric positive definite forms. 

Partitions of unity are an essential tool when considering vector bundles. 
They can be used to combine together a random collection of morphisms 
into vector bundles, and we shall give a few examples showing how this 
can be done (concerning exact sequences of bundles). 


§1. Definition, pull-backs 


Let X be a manifold (of class C? with p = 0) and let 2: HE > X be a 
morphism. Assume: 


VB 1. For each x € X, the fiber n-\(x) = Ez has been given the structure 
of a Banach space. 


Let {U;} be an open covering of X, and for each 7, suppose that we are 
given a Banach space E; and a mapping 


1%: (Ui) + Uy x KE 


satisfying the following conditions: 


VB 2. The map % is an isomorphism commuting with the projection on 
Uj, that is, such that the following diagram 1s commutative : 


n-(U;)—— U; x B 
Sh ad 
U; 
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and for each x € U; the induced map on the fiber (written t4(x) or tiz) 
Tin: T(x) > EB; 
is a toplinear isomorphism. 


VB 3. If U; and Uj; are two members of the covering, then the map of 
Ui 7 U; into L(E;, E;) given by 


a 
LH (TTI) x 
is a morphism. 


Then we shall say that {(U;, %;)} is a trivialising covering for x (or for E 
by abuse of language), and that {t;} are its trivialising maps. If x € Uj, 
we say that 1; (or U;) trivialises at xz. Two trivialising coverings for 7 are 
said to be VB-equivalent if taken together they also satisfy conditions 
VB 2, VB 3. An equivalence class of such trivialising coverings is said to 
determine a structure of vector bundle on z (or on EH by abuse of language). 
We say that £ is the total space of the bundle, and that X is its base space. 
If we wish to be very functorial, we shall write HZ, and X, for these spaces 
respectively. The fiber 2~1(x) is also denoted by Hz or tz. 

If all the spaces E; are toplinearly isomorphic, then one could assume 
that they are all equal, say to the space E. In that case we say that x (or 
E by abuse of language) is a vector bundle with fiber E. If X is connected, 
this is necessarily the case, because the set of points x « X for which there 
is a trivialising map 


Tiz: 1 (2) 3 E 


with a given space E is both open and closed. 
In the finite dimensional case, condition VB 3 is implied by VB 2. 


Proposition 1. Let E, F be finite dimensional vector spaces. Let U be open 
in some Banach space. Let 


f:U x EoF 
be a morphism such that for each x € U, the map 
fr:E—F 


given by fr(v) = f(x, v) ts a linear map. Then the map of U into L(E, F) 
given by x fz is a morphism. 
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Proof. We can write F = R; x --: x Ry (n copies of R). Using the 
fact that L(E, F) = L(E, R,) x --- x L(E,R,), it will suffice to prove our 
assertion when F = R. Similarly, we can assume that E = R also. But in 
that case, the function f(x, v) can be written g(x)v for some map g: U > R. 
Since f is a morphism, it follows that as a function of each argument 2, v it 
is also a morphism. Putting v = 1 shows that g is a morphism and concludes 
the proof. 


As with manifolds, we need less than our three properties to recover vector 
bundles. 


Proposition 2, Let X be a manifold, and xn: E + X a mapping from some 
set H into X. Let {U;} be an open covering of X, and for each + suppose 
that we are given a Banach space KE; and a bijection (commuting with the 
projection on U;), 


t%: 2~1(U;) > U; x E, 


such that for each pair i,j and x € U; 0 U;, the map (t;t7"1)z ts a toplinear 
isomorphism, and condition VB 8 is satisfied. Then there exists a unique 
structure of manifold on E such that x is a morphism, such that % is an 
isomorphism making x into a vector bundle, and {(U;, t4)} into a trivialising 
covering. 


Proof. By Proposition 16 of Chapter I, §3 and our condition VB 3 we 
conclude that the map 


tz 1: (Us, A Uy) x Ey > (Ui 0 Uj) x EY 


is a morphism, and in fact an isomorphism since it has an inverse. From 
the definition of atlases, we conclude that # has a unique manifold structure 
such that the t; are isomorphisms. Since z is obtained locally as a composite 
of morphisms (namely t; and the projections of U; x E; on the first factor), 
it becomes a morphism. On each fiber 2~1(x), we can transport the topological 
Vector space structure of any E; such that x lies in U;, by means of tz. 
The result is independent of the choice of U; since (tjt7')z is a toplinear 
isomorphism. Our proposition is proved. 


We now make the set of vector bundles into a category. 
Let 2: E + X and 7’: EB’ - X’' be two vector bundles. 
A VB-morphism z — 7x’ consists of a pair of morphisms 


fo: X > X’ and f:H- E' 


satisfying the following conditions. 
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VB Mor 1. The diagram 


». Bogner Gs 
is commutative, and the induced map for each x € X 
fu: Ey, =u Exz) 


is a continuous linear map. 
VB Mor 2. For each xo € X there exist trivialising maps 

t:n7\(U) > U x E 

and 
t':n'—(U') + U' x E' 

at xo and f(xo) respectively, such that fo(U) is contained in U', 
and such that the map of U into L(E, E’) given by 

BH Tole) of, 2 T 
is a morphism. 


As a matter of notation, we shall also use f to denote the VB-morphism, 
and thus write f:2 — 2’. In most applications, fo is the identity. By 
Proposition 1, we observe that VB Mor 2 is redundant in the finite dimen- 
sional case. 

The next proposition is the analogue of Proposition 2 for VB-morphisms. 


Proposition 3. Let 1,12’ be two vector bundles over manifolds X, X' 
respectively. Let fo: X + X’ be a morphism, and suppose that we are given 
for each x € X a continuous linear map 


fa: Na > Nyo(a) 
such that, for each xo, condition VB Mor 2 is satisfied. Then the map f from 
nm to n’ defined by fz on each fiber is a VB-morphism. 


Proof. One must first check that f is a morphism. This can be done 
under the assumption that 2,7’ are trivial, say equal to U x E and 
U’ x E’ (following the notation of VB Mor 2), with trivialising maps equal 
to the identity. Our map f is then given by 


(x, v) + (for, fa). 
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Using Proposition 16 of Chapter I, §3 we conclude that f is a morphism, 
and hence that (fo, f) is a VB-morphism. 


It is clear how to compose two VB-morphisms set theoretically. In fact, 
the composite of two VB-morphisms is a VB-morphism. There is no prob- 
lem verifying condition VB Mor 1, and for VB Mor 2, we look at the situation 
locally. We encounter a commutative diagram of the following type: 


rye Oe") 


Ux E— U’ x FE’ — U" x E" 


and use Proposition 16 of Chapter I, §3 to show that g © fis a VB-morphism. 


We therefore have a category, denoted by VB or VB”, if we need to 
specify explicitly the order of differentiability. 

The vector bundles over X form a subcategory VB(X) = VB?(X) (taking 
those VB-morphisms for which the map fo is the identity). If Qf is a category 
of Banach spaces (for instance finite dimensional spaces), then we denote 
by VB(X, Y) those vector bundles over X whose fibers lie in QI. 

A morphism from one vector bundle into another can be given locally. 
More precisely, suppose that U is an open subset of X and 2: E> X a 
vector bundle over X. Let Ey = n~1(U) and 


to — 71 | eu 


be the restriction of x to Ey. Then zy is a vector bundle over U. Let 
{U;} be an open covering of the manifold X and let 2, x’ be two vector 
bundles over X. Suppose, given a VB-morphism 


. Va 
fi: Ty, 7 Ty, 


for each 7, such that f; and f; agree over U; > U; for each pair of indices 
i,j. Then there exists a unique VB-morphism f: 2 — 2’ which agrees with 
fi on each U;. The proof is trivial, but the remark will be used frequently 


in the sequel. 
Using the discussion at the end of Chapter II, §2 and Proposition 6 of 


that chapter, we get immediately: 


Proposition 4. Let n: EH — Y be a vector bundle, and f: X > Y a mor- 
phism. Then 


f*(n): f*(B) > X 
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is a vector bundle, and the pair (f, n*(f)) is a VB-morphism. 


f*() = B 
sex) | |= 


In Proposition 4, we could take f to be the inclusion of a submanifold. 
In that case, the pull-back is merely the restriction. As with open sets, 
we can then use the usual notation: 


EFxy=n7'(X) and nry=n2| Ex. 


Thus mx = f*(z) in that case. 
If X happens to be a point y of Y, then we have the constant map 


Ty: Hy > y 


which will sometimes be identified with Ey. 

If we identify each fiber (f*#), with Ey) itself (a harmless identification 
since an element of the fiber at 2 is simply a pair (x, e) with e in Ey,z)), then 
we can describe the pull-back f* of a vector bundle x: E > Y as follows. 
It is a vector bundle f*xz: f*H > X satisfying the following properties. 


PB 1. For cach x € X, we have (f*E#)z, = Epi. 
PB 2. We have a commutative diagram 


pe =a 


ml | 


oar ed 


the top horizontal map being the identity on each fiber. 


PB 3. If E is trivial, equal to Y x E, then f*E = X x E and f*n is 
the projection. 


PB 4. If V is an open subset of Y and U = f-1(V), then 


f*(Ey) = (f*E)u, 


and we have a commutative diagram. 
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§2. The tangent bundle 


Let X be a manifold of class C? with » = 1. We shall define a functor 
T from the category of such manifolds into the category of vector bundles 
of class C?-1. 

For each manifold X we let 7(X) be the disjoint union of the tangent 
spaces 7',(X). We have a natural projection 


m: T(X) > X 
mapping 7',(X) on z. We must make this into a vector bundle. If (U, o) 
is a chart of X such that @U is open in the Banach space E, then from the 


definition of the tangent vectors as equivalence classes of triples (U, g, v) 
we get immediately a bijection 


tu:n-\(U) = T(U) > U x E 
which commutes with the projection on U, that is such that 


c-(U) + Ux 
N 2 
U 


is commutative. Furthermore, if (U;, g;) and (U;, g;) are two charts, and 
if we denote by gy the map gy; * (defined on gj(U; ~ Uj)), then we obtain 
a transition mapping 

ty = (tyt7*): Pi(Us A Us) x E> o(Ui rn Uj) x E 


by the formula 


tyi(x, 0) = (Ppx, De—j(a) - v) 
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for xe U; 7 U; and ve E. Since the derivative Dp = ¢}; is of class 
C?-1 and is an isomorphism at x, we see immediately that all the conditions 
of Proposition 2 are verified (using Proposition 16 of Chapter I, §3), thereby 
making 7'(X) into a vector bundle of class C?-1. 

We see that the above construction can also be expressed as follows. If 
the manifold X is glued together from open sets {U;} in Banach spaces by 
means of transition mappings {¢,;}, then we can glue together products U; x E 
by means of transition mappings (gj, D@gi;) where the derivative Doi can 
te viewed as a function of two variables (x, v). Thus locally, for open subsets 
U of Banach spaces, the tangent bundle can be identified with the product 
U x E. The reader will note that our definition coincides with the oldest 
definition employed by geometers, our tangent vectors being vectors which 
transform according to a certain rule (namely the derivative). 

If f: X — X’ is a C?-morphism, we can define 


Tf: T(X) - T(X’) 


to be simply 7',f on each fiber 7',(X). In order to verify that 7 is a VB- 
morphism (of class C?~+), it suffices to look at the situation locally, i.e. we 
may assume that X and X’ are open in vector spaces E, E’, and that 
Tf = f'(x) is simply the derivative. Then the map 7 is given by 


T f(x, v) = (f(x), f'(x)v) 


for ce X and ve E. Since f’ is of class C?~' by definition, we can apply 
Proposition 16 loc. cit. to conclude that 7f is also of class C?-!. The 
functoriality property is trivially satisfied, and we have therefore defined 
the functor 7 as promised. 

It will sometimes be notationally convenient to write f, instead of 7'f for 
the induced map, which is also called the tangent map. The bundle 7(X) 
is called the tangent bundle of X. 


§3. Exact sequences of bundles 


Let X be a manifold. Let 2’: H’ — X and 2: E > X be two vector 
bundles over X. Let f: 2’ + x be a VB-morphism. We shall say that the 
sequence 


057 2 


is exact if there exists a covering of X by open sets and for each open set 
U in this covering there exist trivialisations 


t:H,y7Ux YF’ and t:Hy>UxE 
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such that E can be written as a product E = E’ x F, making the following 
diagram commutative: 


i, > E, 


Ux kF’—UxE xF 


(The bottom map is the natural one: Identity on U and the injection of 
E’ on E’ x 0.) 

Let 21: HE; + X be another vector bundle, and let g: 2, > 2 be a VB- 
morphism such that g(£1) is contained in f(Z’). Since f establishes a bijection 
between E’ and its image f(#’) in Z, it follows that there exists a unique 
map gi: E; — LE’ such that g = fogi. We contend that g; is a VB-mor- 
phism. Indeed, to prove this we can work locally, and in view of the definition, 
over an open set U as above, we can write 


‘— 


gi = tt oprotog 


where pr is the projection of U x E’ x F on U x E’. All the maps on 
the right-hand side of our equality are VB-morphisms; this proves our 
contention. 

Let x: ZH — X be a vector bundle. A subset S of H will be called a 
subbundle if there exists an exact sequence 0 — 7x’ > 7, also written 


Oar. 


such that f(£’) = 8. This gives S the structure of a vector bundle, and 
the previous remarks show that it is unique. In fact, given another exact 
sequence 

05> 8, ——z 


such that g(£,) = S, the natural map f~'g from £; to E’ is a VB-iso- 
morphism. 

Let us denote by E/E’ the union of all factor spaces E/E). If we are 
dealing with an exact sequence as above, then we can give #/K’ the structure 
of a vector bundle. We proceed as follows. Let {U;} be our covering, with 
trivialising maps t; and 1. We can define for each 7 a bijection 


uy: Ey,/Eo, > U; x F 


obtained in a natural way from the above commutative diagram. (Without 
loss of generality, we can assume that the vector spaces E’, F are constant 
for all i.) We have to prove that these bijections satisfy the conditions of 


Proposition 2. 
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Without loss of generality, we may assume that f is an inclusion (of the 
total space H’ into #). For each pair i,j and «e U; 7 Uj, the toplinear 
automorphism (tt; 1)z is represented by a matrix 


ne eal 
hoy(x) hee(x) 


operating on the right on a vector (v, w) € E’ x F. The map (tj7;~")z on 
F is induced by this matrix. Since E’ = E’ x 0 has to be carried into itself 
by the matrix, we have hio(xz) = 0. Furthermore, since (t;t7')z has an 
inverse, equal to (tet7")ars it follows that hgo(x) is a toplinear automorphism 
of F, and represents (07-1). Therefore condition VB 3 is satisfied, and 
E/E’ is a vector bundle. 

The canonical map 


Rg — Hai, 


is a morphism since it can be expressed in terms of t, the projection, and 
t”-1. Consequently, we obtain a VB-morphism 


git = rc” 


in the canonical way (on the total spaces, it is the quotient mapping of 
E on E/E’). We shall call x” the factor bundle. 

Our map g satisfies the usual universal mapping property of a cokernel. 
Indeed, suppose that 


WEG 


is a VB-morphism such that yo f = 0 (i.e. zo fz = 0 on each fiber E/). 
We can then define set theoretically a canonical map 


Y,: E/E’ > G, 


and we must prove that it is a VB-morphism. This can be done locally. 
Using the above notation, we may assume that EH = U x E’ x F and 
that g is the projection. In that case, y, is simply the canonical injection 
of U x Fin U x E’ x F followed by y, and is therefore a VB-morphism. 
We shall therefore call g the cokernel of f. 
Dually, let g: t > 2” be a given VB-morphism. We shall say that the 
sequence 


i 0 
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is exact if g is surjective, and if there exists a covering of X by open sets, 
and for each open set U in this covering there exist spaces E’,F and 
trivialisations 


t:Hy>UxExF and 7":E,3F 
making the following diagram commutative. 


g 
Ey ———— EF’, 


| |e 


Ux KE’ x F— Ux F 


(The bottom map is the natural one: Identity on U and the projection of 
EK’ x FonF.) 

In the same way as before, one sees that the “kernel” of g, that is, the 
union of the kernels H/, of each gz, can be given a structure of vector bundle. 
This union £’ will be called the kernel of g, and satisfies the usual universal 


mapping property. 


Proposition 5. Let X be a manifold and let 
fiw 77 


be a VB-morphism of vector bundles over X. Assume that, for each x € X, 
the continuous linear map 


fr: E, > Ez 
is injective and splits. Then the sequence 


Oey eer 


4s exact. 


Proof. We can assume that X is connected and that the fibers of H’ 
and £ are constant, say equal to the Banach spaces E’ and E. Let ae X. 
Corresponding to the splitting of f, we know that we have a product de- 
composition E = E’ x F and that there exists an open set U of X con- 
taining a, together with trivialising maps 


an(U)>UxE and v:2’-(U)37U x E' 
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such that the composite map 
BS ef, = x F 
maps E’ on E’ x 0. 
For any point z in U, we have a map 


(tft’~1),: E’ > E’ x F, 


which can be represented by a pair of continuous linear maps (h11(2), her(z)). 


We define 
h(z): E' x Fa E’ x F 


tae a)’ 
hai(x) id 


by the matrix 


operating on the right on a vector (v, w) € E’ x F. Then A(x) restricted 


to E’ x 0 has the same action as (tft’~1)z. 


The map x —> h(x) is a morphism of U into L(E, E) and since it is con- 
tinuous, it follows that for U small enough around our fixed point a, it 
maps U into the group of toplinear automorphisms of E. This proves our 


proposition. 
Dually to Proposition 5, we have: 
Proposition 6. Let X be a manifold and let 


g:n7 > 1" 


be a VB-morphism of vector bundles over X. Assume that for each xe X, 


the continuous linear map 
9x2: Hy > E;, 


is surjective and has a kernel that splits. Then the sequence 
n—— 2" + 0 
is exact. 
Proof. It is dual to the preceding one and we leave it to the reader. 
In general, a sequence of VB-morphisms 


ees ee al) 


is said to be exact if both ends are exact, and if the image of f is equal to 


the kernel of g. 
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There is an important example of exact sequence. Let f: X > Y be an 
immersion. By the universal mapping property of pull-backs, we have a 
canonical VB-morphism 


Tax) fT Y) 


of T(X) into the pull-back over X of the tangent bundle of Y. Furthermore, 
from the manner in which the pull-back is obtained locally by taking 
products, and the definition of an immersion, one sees that the sequence 


0 > 1X) 7% f*7(¥) 
is exact. The factor bundle 
fT a tak?" }) 


is called the normal bundle of f. It is denoted by M(f), and its total space 
by N;(X) if we wish to distinguish between the two. We sometimes identify 
7T(X) with its image under 7*f and write 


N(f) = f*T(Y)/T(X). 
Dually, let f: X — Y be a submersion. Then we have an exact sequence 
Ti xj fA T(E) — 0 


whose kernel could be called the subbundle of f, or the bundle along the fiber. 
There is an interesting case where we can describe the kernel more 


precisely. Let 
nm: H>xX 


be a vector bundle. Then we can form the pull-back of H over itself, that 
is, x*E, and we contend that we have an exact sequence 


0 > 2*E > T(E) > n*T(X) > 0. 


To define the map on the left, we look at the subbundle of x more closely. 
For each x € X we have an inclusion 


E, — E, 
whence a natural injection 
T(E,) > T(E). 


The local product structure of a bundle shows that the union of the T(£z) 
as x ranges over X gives the subbundle set theoretically. On the other 
hand, the total space of x*# consists of pairs of vectors (v, w) lying over the 
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same base point 2, that is, the fiber at x of n*E is simply EZ, x Ez. Since 
T(E,) has a natural identification with EZ, x Ez, we get for each x a 
bijection 

(n*E), — T(Ez) 


which defines our map from n*E to 7(E£). Considering the map locally in 
terms of the local product structure shows at once that it gives a VB- 
isomorphism between x*# and the subbundle of z, as desired. 


§4. Operations on vector bundles 
We consider subcategories of Banach spaces Y, 8, € and let 


A:Ux BoC 


be a functor in two variables, which is, say, contravariant in the first and 
covariant in the second. (Everything we shal] do extends in the obvious 
manner to functors of several variables, letting W, 8 stand for n-tuples.) 

If f: E’ > E and g: F — F’ are two continuous linear maps, with f a 
morphism of Qf and g a morphism of %, then by definition, we have a map 


L{E’, E) x L(F, F’) > L(AE, F), AB’, F’)), 


assigning A(f, g) to (f, g). 
We shall say that A is of class OC” if the following condition is satisfied. 


Given a manifold U, and two morphisms 

g:U > L{k’,_, E) and y:U - LIF, F’), 
then the composite 

U > L({E’,E) x L(F, F’) > L(A(E, F), A(E’, F’)) 
is also a morphism. (One could also say that A is differentiable.) 


Theorem 1. Let 1 be a functor as above, of class C?, p = 0. Then for 
each manifold X, there exists a functor Ax, on vector bundles (of class 0”) 


Ax: VB(X, UM) x VB(X, B) > VB(X, ©) 


satisfying the following properties. For any bundles a, B in VB(X, U) and 
VB(X, B) respectively, and VB-morphisms 


f:a° +a and g:B- p’ 
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im the respective categories, and for each x € X, we have: 


OP 1. Ax(a, B)z = A(az, Br). 
OP 2. Ax(f,g)z = Alfc, Gx): 


OP 3. If « is the trivial bundle X x E and 8 the trivial bundle X x F 
then Ax(a, B) ts the trivial bundle X x A(E, F). 


OP 4. Ifh: Y + X is a C?-morphism, then 


? 


Ad(h*a, h*B) = h*Ax(a, B). 


Proof. We may assume that X is connected, so that all the fibers are 
toplinearly isomorphic to a fixed space. For each open subset U of X we 
let the total space Ay(H,, H,) of Au(«, B) be the union of the sets 


{x} x A(az, Bx) 


(identified harmlessly throughout with A(az, Bz)), as x ranges over U. We 
can find a covering {U;} of X with trivialising maps {t;} for a, and {o;} for B, 


u%:a7(U;) > U; x E 


oy: B-(U4) > UO; x F. 
We have a bijection 


A(tz*, 04): Au (E,, Eg) + Uy x A(E, F) 

obtained by taking on each fiber the map 

A(tiz*, O12): A(az, Bz) + A(E, F). 
We must verify that VB 3 is satisfied. This means looking at the map 

a —> A(tjg’, O52) © A(tiz's Fiz). 
The expression on the right is equal to 

Mtiatzz', C1205"). 

Since A is a functor of class C?, we see that we get a map 

Uy 0 U; > LAE, F), A(E, F)) 


which is a C?-morphism. Furthermore, since A is a functor, the transition 

mappings are in fact toplinear isomorphisms, and VB 2, VB 3 are proved. 
The proof of the analogous statement for Ax(f, g), to the effect that it is 

a VB-morphism, proceeds in an analogous way, again using the hypothesis 
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that A is of class C?. Condition OP 3 is obviously satisfied, and OP 4 follows 
by localizing. This proves our theorem. 


The next theorem gives us the uniqueness of the operation Ay. 


Theorem 2. If is another functor of class C? with the same variance 
as i, and if we have a natural transformation of functors t:4 > py, then 
for each X, the mapping 


tx: Ax > Ux, 


defined on each fiber by the map 


tata, Bz): Mex; Bx) cs (dz, Bz), 


ts a natural transformation of functors (in the VB-category). 


Proof. For simplicity of notation, assume that J and y are both functors 
of one variable, and both covariant. For each open set U = U; of a trivialis- 
ing covering for B, we have a commutative diagram. 


Ux AE) > 0 


wo] By (a) 


dul) —— uv 6) 

The vertical maps are trivialising VB-isomorphisms, and the top horizontal 
map is a VB-morphism. Hence ty is a VB-morphism, and our assertion is 
proved. 


In particular, for = pandt = id we get the uniqueness of our functor J y. 

(In the proof of Theorem 2, we do not use again explicitly the hypotheses 
that A, w are differentiable.) 

In practice, we omit the subscript X on J, and write 4 for the functor 
on vector bundles. 

As an example of operation, we have the direct sum (also called the 
Whitney sum) of two bundles «, 8 over X. It is denoted by a @ B, and the 
fiber at a point x is 


(a ® B)z = tz ® Bz. 


Of course, the finite direct sum of vector spaces can be identified with their 
finite direct products, but we write the above operation as a direct sum 
in order not to confuse it with the following direct product. 
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Let a: H, > X and ~: E, > Y be two vector bundles in VB(X) and 
VB(Y) respectively. Then the map 


ax B:E,x E;>Xx Y 


is a vector bundle, and it is this operation which we call the direct product 
of « and f. 

Let X be a manifold, and 4 a functor of class O? with p = 1. The 
tensor bundle of type 1 over X is defined to be A x(T(X )), also denoted by 
AT(X) or T,(X). The sections of this bundle are called tensor fields of type 
A, and the set of such sections is denoted by I’,(X). Suppose that we have 
a trivialisation of 7'(X), say 


Tie Xk XE: 
Then 7,(X) = X x A(E). A section of 7,(X) in this representation is 


completely described by the projection on the second factor, which is a 
morphism 


f[:X — 1B). 
We shall call it the local representation of the tensor field (in the given 


trivialisation). If € is the tensor field having f as its local representation, 
then 


C(t) = (x, f(x)). 


Let f: X + Y be a morphism of class C? (p 2 1). Let @ be a tensor 
field of type L’ over Y, which could also be called a multilinear tensor field. 
For each y € Y, w(y) (also written wy) is a continuous multilinear function 
on T,(Y): 


@y: Ty x °°: x Ty oR. 
For each x € X, we can define a continuous multilinear map 
foo fT, xX--- x Tz, +R 
by the composition of maps (7'zf)’ and ay(z): 
TT, x09 X Tze 30TH K+°* K Tz) > RK. 


We contend that the map z+ f*(qw) is a tensor field over X, of the same 
type as w. To prove this, we may work with local representation. Thus 
we can assume that we work with a morphism 


(0 V 
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of one open set in a Banach space into another, and that 
a: V > L'(F) 


isa morphism, V being open in F. If U is open in E, then f *(@) (now denoting 
a local representation) becomes a mapping of U into L’(E), given by the 
formula 


fz(o) = L'(f'(2))- (f(a). 


Since L’: L(E, F) > L(L’(F), L'(E)) is of class C®, it follows that f*(a) is 
a morphism of the same class as @. This proves what we want. 

Of course, the same argument is valid for the other functors Li and Lj 
(symmetric and alternating continuous multilinear maps). Special cases 
will be considered in later chapters. If J denotes any one of our three functors, 
then we see that we have obtained a mapping (which is in fact linear) 


fee TY) > T,(X) 


which is clearly functorial in f. We use the notation f* instead of the more 
correct (but clumsy) notation f, or [,(f). No confusion will arise from this. 


§5. Splitting of vector bundles 


The next proposition expresses the fact that the VB-morphisms of one 
bundle into another (over a fixed morphism) form a module over the ring 
of functions. 


Proposition 7. Let X, Y be manifolds and fo: X — Y a morphism. Let 
a, B be vector bundles over X, Y respectively, and let f,g:«— B be two 
VB-morphisms over fo. Then the map f + g defined by the formula 


(f + 9)c = fa + 9x 


is also a VB-morphism. Furthermore, if ~: Y > R ts a function on Y, 
then the map wf defined by 


(Wf)2 = W(fol(x)) fx 
is also a VB-morphism. 


Proof. Both assertions are immediate consequences of Proposition 16, 
Chapter I, §3. 
We shall consider mostly the situation where X = Y and fo is the identity, 


and will use it, together with partitions of unity, to glue VB-morphisms 
together. 
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Let «, B be vector bundles over X and let {(U;, W%)} be a partition of 
unity on X. Suppose given for each U; a VB-morphism 


ve a|U; = B\ U4. 


Each one of the maps yf; (defined as in Proposition 7) is a VB-morphism. 
Furthermore, we can extend if; to a VB-morphism of « into B simply by 
putting 


(Wifi)a = 0 
for all x ¢ U;. If we now define 


f:a—->B 
by the formula 


fav) = Yi Wile) fiz(v) 


for all pairs (x, v) with v € az, then the sum is actually finite, at each point 
x, and again by Proposition 7, we see that f is a VB-morphism. We observe 
that if each f; is the identity, then f = > Wf; is also the identity. 


Proposition 8. Let X be a manifold admitting partitions of unity. Let 

034+ B be an exact sequence of vector bundles over X. Then there exists 

a surjective VB-morphism g: B + a whose kernel splits at each point, such 

that gof = id. 

Proof. By the definition of exact sequence, there exists a partition of 
unity {(U%, wi)} on X such that for each 7, we can split the sequence over 
U;. In other words, there exists for each 7 a VB-morphism 


gi: B|U; — alU; 


which is surjective, whose kernel splits, and such that g; of; = id;. We let 
g = > Wigi. Then g isa VB-morphism of f into « by what we have just seen, 
and 


g°f = VY wife = id. 


It is trivial that g is surjective because go f = id. The kernel of gz splits 
at each point x because it has a closed complement, namely f,«,;. This 
concludes the proof. 


If y is the kernel of 8, then we have B © a © y. 

A vector bundle z over X will be said to be of finite type if there exists 
a finite trivialisation for z (i.e. a trivialisation {(U;, t%)} such that 7 ranges 
over a finite set). 
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If k is an integer >1 and E a topological vector space, then we denote 
by E* the direct product of E with itself & times. 


Proposition 9. Let X be a manifold admitting partitions of unity. Let 
m be a vector bundle of finite type in VB(X, E), where E is a Banach space. 
Then there exists an integer k > 0 and a vector bundle a in VB(X, E*) 
such that x @ « ts trivialisable. 


Proof. We shall prove that there exists an exact sequence 
O+n% B 


with By, = X x E*. Our theorem will follow from the preceding proposition. 
Let {(U:,%)} be a finite trivialisation of x with 1 =1,...,k. Let 
{(U4, W)} be a partition of unity. We define 


f:H, ~X x Ff 
as follows. If a € X and v is in the fiber of H, at x, then 
felv) = (x, Wi(a)ti(v), ... , We(2)te()). 


The expression on the right makes sense, because in case x does not lie in 
U; then w(x) = 0 and we do not have to worry about the expression 
ti(v). If x lies in U;, then t(v) means 7;,(v). 

Given any point xz, there exists some index i such that yi(x) > 0 and 
hence f is injective. Furthermore, for this x and this index 7, f; maps Ez 
onto a closed subspace of E*, which admits a closed complement, namely 


Ex-::+xO0x-*>x E 


with 0 in the ith place. This proves our proposition. 


CHAPTER IV 


Vector Fields and Differential Equations 


In this chapter, we collect a number of results all of which make use of 
the notion of differential equation and solutions of differential equations. 

Let X be a manifold. A vector field on X assigns to each point x of X a 
tangent vector, differentiably. (For the precise definition, see §2.) Given 
xo in X, it is then possible to construct a unique curve a(t) starting at 29 
(i.e. such that a(0) = 29) whose derivative at each point is the given vector. 
It is not always possible to make the curve depend on time ¢t from —o to 
+00, although it is possible if X is compact. 

The structure of these curves presents a fruitful domain of investigation, 
from a number of points of view. For instance, one may ask for topological 
properties of the curves, that is those which are invariant under topological 
automorphisms of the manifold. (Is the curve a closed curve, is it a spiral, 
is it dense, etc.?) More generally, following standard procedures, one may 
ask for properties which are invariant under any given interesting group 
of automorphisms of X (discrete groups, Lie groups, algebraic groups, 
Riemannian automorphisms, ad lib.). 

We do not go into these theories, each of which proceeds according to 
its own flavor. We give merely the elementary facts and definitions associated 
with vector fields, and some simple applications of the existence theorem 
for their curves. 

Throughout this chapter, we assume all manifolds to be Hausdorff, of class 
C” with p = 2 from §2 on, and p = 3 from §3 on. This latter condition 
insures that the tangent bundle is of class C?~' with p — 1 = 1 (or 2). 

We shall deal with mappings of several variables, say f(t, x, y), the first of 
which will be a real variable. We identify Dif (t, x, y) with 


km fe +2 ey) — fey) | 
h>0 h 
§1. Existence theorem for differential equations 


Let E be a Banach space and U an open subset of E. In this section we 
consider vector fields locally. The notion will be globalized later, and thus 
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for the moment, we define (the local representation of) a time-dependent 
vector field on U to be a C?-morphism (p 2 0) 


f:Jx UE 


where J is an open interval containing 0 in R. We think of f as assigning 
to each point z in U a vector f(t, x) in E, depending on time ¢. 

Let x9 be a point of U. An integral curve for f with initial condition x 
is a mapping of class C” (r 2 1) 


a:dgp —> U 


of an open subinterval of J containing 0, into U, such that a(0) = 2 and 
such that 


a(t) = f(t, a(t)). 


Remark. Let «: Jo > U be a continuous map satisfying the condition 


a(t) = x + [ 100 a(u)) du. 
0 


Then « is differentiable, and its derivative is f(t, a(t)). Hence a is of class 
C}. Furthermore, we can argue recursively, and conclude that if f is of class 
C?, then so is «. Conversely, if « is an integral curve for f with initial con- 
dition xo, then it obviously satisfies our integral relation. 


Let 
f:Jx U-E 


be as above, and let 79 be a point of U. By a local flow for f at x) we mean 
a mapping 
a:dg xX Ugo U 


where Jo is an open subinterval of J containing 0, and Uo is an open subset 
of U containing xo, such that for each x in Uo the map 


Oz,(t) = a(t, x) 


is an integral curve for f with initial condition x (i.e. such that «(0, x) = 2). 

As a matter of notation, when we have a mapping with two arguments, 
say g(t, x), then we denote the separate mappings in each argument when 
the other is kept fixed by z(t) and ¢,(x). The choice of letters will always 
prevent ambiguity. 
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We shall say that f satisfies a Lipschitz condition on U uniformly with 
respect to J if there exists a number K > 0 such that 


f(t, 2) — fi y)| S Kix — y| 


for all z, yin UandtinJ. We call K a Lipschitz constant. If f is of class 
C1, it follows at once from the mean value theorem that f is Lipschitz on 
some open neighborhood Jo x Uo of a given point (0, 79) of U, and that it 
is bounded on some such neighborhood. 

We shall now prove that under a Lipschitz condition, local flows exist 
and are unique locally. In fact, we prove more, giving a uniformity property 
for such flows. If 6 is real > 0, then we denote by J, the open interval 
—b<t<0b. 


Proposition 1. Let J be an open interval of R containing 0, and U open 
in the Banach space E. Let xo be a point of U, and a > 0,a < 1 a real 
number such that the closed ball B3q(x) lies in U. Assume that we have a 
continuous map 

f:Jx U-E 


which is bounded by a constant L => lon J x U, and satisfies a Lipschitz 
condition on U uniformly with respect to J, with constant K 21. If 
b < a/LK, then for each x in Ba(xo) there exists a unique flow 


a:J, x Ba(%o) > U. 
If f is of class C? (p = 1), then so is each integral curve az. 


Proof. Let I, be the closed interval —b < ¢t < 5b, and let x be a fixed 
point in B,y(xo). Let M be the set of continuous maps 


(a An I, = Beg(xo) 


of the closed interval into the closed ball of center xp and radius 2a, such 
that «(0) = x. Then MM is a complete metric space if we define as usual 
the distance between maps a, B to be 


sup |a(t) — B(t)]. 


tel, 
We shall now define a mapping 
S:M—> M 


of M into itself. For each « in M, we let Sa be defined by 


(Sa)(t) = 2 + [4 a(u)) du. 
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Then Sa is certainly continuous, we have Sa(0) = x, and the distance of 
any point on Sx from x is bounded by the norm of the integral, which is 
bounded by 


bsup |f(u,y)| S OL <a. 


Thus Sa lies in M. 
We contend that our map S is a shrinking map. Indeed, 


[Sa — SB] < b sup |f(u, a(u)) — f(u, B(u))| 
Ss bK\« = Bl, 


thereby proving our contention. 

By the shrinking lemma (Chapter I, §5) our map has a unique fixed 
point a, and by definition, a(t) satisfies the desired integral relation. Our 
remark above concludes the proof. 


Corollary. The local flow « in Proposition I is continuous. Furthermore, 
the map x ++ az of Ba(xo) into the space of curves is continuous, and in fact 
satisfies a Lipschitz condition. 


Proof. The second statement obviously implies the first. So fix 2 in 
Ba(xo) and take y close to x in Ba(xo). We let S, be the shrinking map of 
the theorem, corresponding to the initial condition x. Then 


ll%z — Syoe|| = ||Sza2 — Syoz|| S |x — yl. 
Let C = 6K so0 < C < 1. Then 
lax — Sy dal S la, — Sy axl st |Syoz = Soe ae Si oe = Syl 


So (LC 4s eC) 2 yl. 


Since the limit of Sia, is equal to ay as n goes to infinity, the continuity 
of the map x +> az follows at once. In fact, the map satisfies a Lipschitz 
condition as stated. 


It is easy to formulate a uniqueness theorem for integral curves over their 
whole domain of definition. 


Uniqueness theorem. Let U be open in E and let f: U + E be a vector 
field of class C?, p = 1. Let 


a1:d1 > U and e:Jdo > U 


be two integral curves for f with the same initial condition xp. Then a, and 
ag are equal on Jy 1 do. 
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Proof. Let Q be the set of numbers } such that a(t) = a(t) for 
O<t<ob. 


Then Q contains some number b > 0 by the local uniqueness theorem. If Q 
is not bounded from above, the equality of a(t) and ag(t) for all t > 0 
follows at once. If Q is bounded from above, let b be its least upper bound. 
We must show that 6 is the right end point of J} A Jz. Suppose that this 
is not the case. Define curves B; and fe near 0 by 


Bilt) = ay(b + f) and Bo(t) = ao(b + #). 


Then f; and £2 are integral curves of f with the initial conditions (b) 
and a(b) respectively. The values £1(t) and Bo(t) are equal for small negative 
t because 0b is the least upper bound of Q. By continuity it follows that 
o1(b) = ae(b), and finally we see from the local uniqueness theorem that 


Bilt) = Balt) 


for all ¢ in some neighborhood of 0, whence a and ag are equal in a neigh- 
borhood of 6b, contradicting the fact that b is a least upper bound of Q. 
We can argue the same way towards the left end points, and thus prove 
our statement. 


For each x € U, let J(x) be the union of all open intervals containing 0 
on which integral curves for f are defined, with initial condition equal to 
x. The uniqueness statement allows us to define the integral curve uniquely 
on all of J(z). 


Remark. The choice of 0 as the initial time value is made for convenience. 
From the uniqueness statement one obtains at once (making a time transla- 
tion) the analogous statement for an integral curve defined on any open 
interval; in other words, if J1, Jz do not necessarily contain 0, and fo is a 
point in J; A Jz such that a1(to) = ae(to), and also we have the differential 
equations 


a(t) = f(at)) and aj(t) = f(ae(t)), 


then a and a2 are equal on J} 7 Je. One can also repeat the proof of 
Theorem 2 in this case. 

In practice, one meets vector fields which may be time dependent, and 
also depend on parameters. We discuss these to show that their study reduces 
to the study of the standard case. 
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Time dependent vector fields 


Let J be an open interval, U open in a Banach space E, and 
f:J x U-E 


a C? map, which we view as depending on time ft¢ J. Thus for each ¢, 
the map «+> f(t, x) is a vector field on U. Define 


f:Jx U>~RxE 
by 
fit, 2) = (1. f@.2)), 


and view f as a time-independent vector field on J x U. Let & be its flow, 
so that 


a(t, s, x) = f(t, s, x)), &(0, 8, x) = (8, 2). 


We note that & has its values in J x U and thus can be expressed in terms 
of two components. In fact, it follows at once that we can write « in the 
form 


G(t, 8,2) = (¢ + 8, Galt, 8, x)). 
Then & 2 satisfies the differential equation 
DyGia(t, 8, x) = f(t + s, Felt, 8, x)) 
as we see from the definition of f. Let 
Bit, x) = Ge(t, 0, x). 
Then f is a flow for f, that is 8 satisfies the differential equation 
DiBit, 2) = f(t, Bit, 2), BO, x) = a. 


Given x € U, any value of ¢ such that a is defined at (t, x) is also such that 
a is defined at (t, 0,2) because x, and Bz are integral curves of the same 
vector field, with the same initial condition, hence are equal. Thus the 
study of time-dependent vector fields is reduced to the study of time- 
independent ones. 


Dependence on parameters 


Let V be open in some space F and let 


giJxVxU-—-E 
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be a map which we view as a time-dependent vector field on U, also de- 
pending on parameters in V. We define 
G:JI x Vx U+>FxE 
by 
Gt, 2; y) aa (0, g(t, z, y)) 
forteJ,zeV, and yeU. This is now a time-dependent vector field on 
V x U. A local flow for G depends on three variables, say f(t, z, y), with 


initial condition f(0, z, y) = (z, y). The map B has two components, and it 
is immediately clear that we can write 


Blt, 2, y) = (2, a(t, 2, y)) 


for some map « depending on three variables. Consequently « satisfies the 
differential equation 


Dyalt, z, y) = g(t, z, a(t, z, y)), a(0,z,4) = ¥, 


which gives the flow of our original vector field g depending on the parameters 
zeéV. This procedure reduces the study of differential equations depending 
on parameters to those which are independent of parameters. 


We shall now investigate the behavior of the flow with respect to its 
second argument, i.e. with respect to the points of U. We shall give two 
methods for this. The first depends on approximation estimates, and the 
second on the implicit mapping theorem in function spaces. 

Let Jo be an open subinterval of J containing 0, and let 


g:Jo > U 
be of class C!. We shall say that ¢~ is an e-approximate solution of f on Jo if 
lot) — ft, p®)| Se 


for all ¢ in Jo. 


Proposition 2. Let o1 and 2 be two &- and &2-approximate solutions of 
f on Jo respectively, and let ¢ = £1 + &2. Assume that f is Lipschitz with 
constant K on U uniformly in Jo, or that Def exists and 1s bounded by K 
on J x U. Let to be a point of Jo. Then for any t in Jo, we have 


= € am 
lilt) — palt)| < |@r(to) — Ge(to)leX¥-%! + me sf 


68 VECTOR FIELDS AND DIFFERENTIAL EQUATIONS f{IV, 1) 


Proof. By assumption, we have 


lpi(t) — f(t, orlé))| S e1 
lpa(t) — f(t, palt))| S ee. 


From this we get 
lpi(t) — p(t) + f(t, galt) — f(t gilt))| S e. 


Say ¢ 2 to to avoid putting bars around ¢ — to. Let 


Wt) = leit) — @e(é)| 
a(t) = If(t, prlt)) — f(t, palt))I- 


Then, after integrating from fp to ¢, and using triangle inequalities we obtain 


zt 
I(t) — Wito)] < e(t — to) + [ alu) du 


IIA 


s(t — to) + K i W(u) du 
to 


an [ [W(u) + e/K] du, 
to 


and finally the recurrence relation 


z 
wt) S W(to) + K{ [W(u) + e/K] du. 


On any closed subinterval of Jo, our map w is bounded. If we add ¢/K 
to both sides of this last relation, then we see that our proposition will 
follow from the next lemma. 


Lemma. Let g be a positive real valued function on an interval, bounded 
by a number L. Let to be in the interval, say to < t, and assume that there 
are numbers A, K = 0 such that 


t 
gt) S$ A+ x [ g(u) du. 
to 
Then for all integers n = 1 we have 


a) afr BEM) yy Ra) LE“ — to) 


1! (n — 1)! n! 
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Proof. The statement is an assumption for n = 1. We proceed by 
induction. We integrate from fo to t¢, multiply by K, and use the recurrence 
relation. The statement with n + 1 then drops out of the statement with n. 


Corollary 1. Let f:J x U +E be continuous, and satisfy a Lipschitz 
condition on U untformly with respect to J. Let xo be a point of U. Then 
there exists an open subinterval Jo of J containing 0, and an open subset 
of U containing xo such that f has a unique flow 


a:dg x Ug U. 


We can select Jo and Uo such that « is continuous and satisfies a Lipschitz 
condition on Jo x Up. 


Proof. Given x, y in Uo we let gi(t) = a(t, x) and galt) = a(t, y), using 
Proposition 1 to get Jo and Up. Then e; = eg = 0. Fors, tin Jo we obtain 


|a(é, x) a a(s, y)| = Ja(é, x) on a(é, y)| + |a(é, y) an a(s, y)| 
S |x — yle* + |t — |Z 


if we take Jo of small length, and L is a bound for f. Indeed, the term con- 
taining |z — y| comes from Proposition 2, and the term containing |t — s| 
comes from the definition of the integral curve by means of an integral and 
the bound LZ for f. This proves our corollary. 


Corollary 2. Let J be an open interval of R containing 0 and let U be 
open in EB. Let f: J x U > E be a continuous map, which is Lipschitz on U 
uniformly for every compact subinterval of J. Let to e J and let ei, pz be 
two morphisms of class C! such that gi(to) = po(to) and satisfying the 
relation 


e'(t) = f(t ett) 
for allt in J. Then pi(t) = elt). 
Proof. We can take ¢ = 0 in the proposition. 


The above corollary gives us another proof for the uniqueness of integral 
curves. Given f: J x U — Eas in this corollary, we can define an integral 
curve a for f on a maximal open subinterval of J having a given value 
a(to) for a fixed to in J. Let J be the open interval (a, 6) and let (ao, bo) 
be the interval on which « is defined. We want to know when bo = 6 (or 
a = a), that is when the integral curve of f can be continued to the entire 
interval over which f itself is defined. 


70 VECTOR FIELDS AND DIFFERENTIAL EQUATIONS {IvV, 1] 


There are essentially two reasons why it is possible that the integral 
curve cannot be extended to the whole domain of definition J, or cannot 
be extended to infinity in case f is independent of time. One possibility is 
that the integral curve tends to get out of the open set U, as on the 
following picture. 


This means that as t approaches bo, say, the curve a(t) approaches a point 
which does not lie in U. Such an example can actually be constructed 
artificially. If we are in a situation when a curve can be extended to infinity, 
just remove a point from the open set lying on the curve. Then the integral 
curve on the resulting open set cannot be continued to infinity. The second 
possibility is that the vector field is unbounded. The next corollary shows 
that these possibilities are the only ones. In other words, if an integral 
curve does not tend to get out of the open set, and if the vector field is 
bounded, then the curve can be continued as far as the original data will 
allow a priori. 


Corollary 3. Let J be the open interval (a,b) and let U be open in E. 
Let f: J x U — Ebe a continuous map, which is Lipschitz on U, uniformly 
for every compact subset of J. Let « be an integral curve of f, defined on a 
maximal open subinterval (ao, bo) of J. Assume: 


(i) There exists e > 0 such that a((bo — &, bo)) is contained in U. 


(ii) There exists a number B > 0 such that |f(t, a(t))| < B for all t in 
(bo — &, bo). 


Then bo wie 


Proof. From the integral expression for «, namely 


a(t) = a(to) + [ f(u, a(u)) du, 
to 
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we see that for ¢), tg in (69 — e, bo) we have 

Jo(ti) — a(te)| < Blt, — tel. 
From this it follows that the limit 


lim a(t) 

tbo 
exists, and is equal to an element x9 of U (by hypothesis (i)). Assume that 
bo # 6. By the local existence theorem, there exists an integral curve f of 
f defined on an open interval containing bo such that B(bo) = xo and 
B'(t) = f(t, Bit)). Then f’ = «’ on an open interval to the left of bo, and 
hence a, B differ by a constant on this interval. Since their limit as t > bo 
are equal, this constant is 0. Thus we have extended the domain of definition 
of « to a larger interval, as was to be shown. 


The next proposition describes the solutions of linear differential equations 
depending on parameters. 


Proposition 3. Let J be an open interval of R containing 0, and let V be 
an open set ina Banach space. Let E be a Banach space. Let 


g:J x V > LE, E) 
be a continuous map. Then there exists a unique mop 
A:Jd x V ~ LE, E) 
which, for each x € V, 1s a solution of the differential equation 
DyA(t, x) = git, z)At, 2), A(O, x) = ad. 


This map A is continuous. 


Remark. In the present case of a linear differential equation, it is not 
necessary to shrink the domain of definition of its flow. Note that the 
differential equation is on the space of continuous linear maps. The cor- 
responding linear equation on E itself will come out as a corollary. 


Proof of Proposition 3. Let us first fix «eV. Consider the differential 


equation 
DiA(t, 2) = g(t, x)Alt, x), 


with initial condition 1(0,7) = id. This is a differential equation on 
L(E, E), where f(t, z) = gz(t)z for z € L(E, E), and we write g(t) instead of 
g(t, z). Let the notation be as in Corollary 3 of Proposition 2. Then 
hypothesis (i) is automatically satisfied since the open set U is all of L(E, E). 
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On every compact subinterval of J,gz is bounded, being continuous. 
Omitting the index x for simplicity, we have 


t 
A(t) = id + { g(u)A(u) du, 
0 
whence for ¢ 2 0, say, 


|A@| s1+B { |A(u)| du. 
0 


Using Lemma 1, we see that hypothesis (ii) of Corollary 3 of Proposition 2 
is also satisfied. Hence the integral curve is defined on all of J. 

We shall now prove the continuity of 2. Let (f,2%)eJ x V. Let J be 
a compact interval contained in J, and containing fp and 0. As a function 
of t, A(t, zo) is continuous (even differentiable). Let C > 0 be such that 
|A(é, zo)| < C for all ¢¢7. Let Vi be an open neighborhood of ap in V 
such that g is bounded by a constant K > OonJ x Vj. 

For (¢,z) eI x Vi we have 


|A(t, z) — A(to, xo)| S JA(t, x) — At, wo)| + JAE, x0) — Alto, Xo)]. 


The second term on the right is small when ¢ is close to to. We investigate 
the first term on the right, and shall estimate it by viewing A(t, x) and 
A(t, #9) as approximate solutions of the differential equation satisfied by 
A(t, x). We find 


|Di AE, Xo) es g(t, x)A(t, Xo)| 
= |D, Ale, Xo) = g(t, x)Xt, Xo) oie g(t, xo)A(t, Xo) ‘=e. g(t, xo)A(t, Xo)| 
S g(t, xo) — g(t, x)| |A(é, xo) S |g(t, xo) — gle, x)|C. 


By the usual proof of uniform continuity applied to the compact set 
I x {xo}, given ¢ > 0, there exists an open neighborhood Vo of 29 con- 
tained in V;, such that for all (¢, 7) e I x Vo we have 


Ig(t, x) — g(t, xo)| < &/C. 


This implies that A(t, zo) is an ¢-approximate solution of the differential 
equation satisfied by A(t, z). We apply Proposition 2 to the two curves 


got) = A(é, xo) and Qzx(t) = A(t, x) 
for each x € Vo. We use the fact that 4(0, ) = A(0, 29) = id. We then find 
|A(é, x) — Me, Xo)| < eK, 


for some constant K; > 0, thereby proving the continuity of A at (to, 29). 
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Corollary. Let the notation be as in Proposition 3. For each x € V and 
z€ E the curve 


BE, %,2) = Att, zz 
with initial condition B(0, x,z) = z is a solution of the differential equation 
Dy Bit, 2, z) = g(t, x) Blt, x, 2). 
Furthermore, B ts continuous in its three variables. 


Proof. Obvious. 


Local smoothness theorem. Let J be an open interval in R containing 
0 and U open in the Banach space E. Let 


fJxU 58 


be a C?-morphism with p = 1, and let x» e U. There exists a unique local 


flow for f at xo. We can select an open subinterval Jo of J containing 0 and 
an open subset Uo of U containing xo such that the unique local flow 
aid, 0 X U. 07> U 


ts of class C?, and such that Dex satisfies the differential equation 


| Diba a) = Dof(t, a(t, x))Dealt, x) 


on Jo x Uo with initial condition Dox(0, x) = td. 
Proof. Let 
g:J x U > LE, E) 
be given by g(t, z) = Dof(t, a(t, z)). Select J; and Uo such that « is bounded 
and Lipschitz on J; x Uo (by Corollary 1 of Proposition 2), and such that 
g is continuous and bounded on J; x Up. Let Jo be an open subinterval 


of J; containing 0 such that its closure Jo is contained in J}. 
Let A(t, x) be the solution of the differential equation on L(E, E) given by 


DiA(t, x) = g(t, x)A(t, x), AO, #) = ad, 


as in Proposition 3. We contend that Dex exists and is equal to j on 
Jo x Uo. This will prove that Da is continuous, on Jp x Up. 
Fix z € Up. Let 


OE, h) = a(t,” + h) — a(t, x). 
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Then 
Dy,6(t, h) = Dyalt, x + h) — Dialt, x) 
= f(t, a(t, 2 + h)) — f(t, a(t, z)). 
By the mean value theorem, we obtain 


= |f(t, a(t, + h)) — f(t, a(t, z)) — Dof(t, alt, x))O(¢, h)| 
< |h| sup |Dof(t, y) — Daf(t, a(t, x))| 


where y ranges over the segment between a(t, 2) and a(t,x + h). By the 
compactness of Jo it follows that our last expression is bounded by |h|p(h) 
where (kh) tends to 0 with h, uniformly for ¢ in Jo. Hence we obtain 


|O'(é, h) — g(t, x)O(t, h)| S |hlp(h), 


for all t in Jo. This shows that 6(t, h) is an |h|y(h) approximate solution for 
the differential equation satisfied by A(t, x)h, namely 


Dy(t, a)h ay g(t, x)A(t, x)h = 0, 


with the initial condition 1(0,2)h = h. We note that O(t, h) has the same 
initial condition, 0(0,h) = h. Taking t) = 0 in Proposition 2, we obtain 
the estimate 


|O(t, h) — Alt, wh] S Cilh|W(h) 


for allt in Jo. This proves that Dow is equal to A on Jo x Uo, and is there- 
fore continuous on Jp x Us. 

We have now proved that Dia and Dex exist and are continuous on 
Jo x Uo, and hence that « is of class C! on Jo x Up. 

Furthermore, Dex satisfies the differential equation given in the statement 
of our theorem on Jg x Uo. Thus our theorem is proved when p = 1. 


A flow which satisfies the properties stated in the theorem will be called 
locally of class C”. 


Consider now again the linear equation of Proposition 3. We reformulate 
it to eliminate formally the parameters, namely we define a vector field 


G:J x V x L(E, E) > F x L(E, E) 
to be the map such that 


G(t, x, w) = (0, g(é, x)w) 
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for m € L(E,E). The flow for this vector field is then given by the map A 
such that 


A(t, x, m) = (2, A(t, x)o). 


If g is of class C' we can now conclude that the flow A is locally of class 
C’, and hence putting w = id, that 2 is locally of class C?. 

We apply this to the case when g(t, x) = Def(t, a(t, z)), and to the solution 
Deux of the differential equation 


D,(Dox)(t, x) = g(t, x)Dealt, x) 


locally at each point (0, z),2¢U. Let p = 2 be an integer and assume our 
theorem proved up to p — 1, so that we can assume «@ locally of class C?~}, 
and f of class C?. Then g is locally of class C?~1, whence Dox is locally 
C?~1, From the expression 


Dyalt, x) = f(t, a(t, z)) 
we conclude that Dix is C?~1, whence « is locally C”. 


If f is C®, and if we knew that a is of class C” for every integer p 
on its domain of definition, then we could conclude that « is C®; in other 
words, there is no shrinkage in the inductive application of the local theorem. 
We shall do this at the end of the section. 

We shall now give another proof for the local smoothness of the flow, 
which depends on a simple application of the implicit mapping theorem in 
Banach spaces, and was found independently by Pugh and Robbin. One 
advantage of this proof is that it extends to H? vector fields, as noted by 
Ebin and Marsden [7]. 

Let U be open in E and let f: U ~ Ebea C? map. Let b > 0 and let J, 
be the closed interval of radius b centered at 0. Let 


F = CCL, E) 


be the Banach space of continuous maps of Jy into E. We let V be the subset 
of F consisting of all continuous curves 


o:ly-> U 


mapping J, into our open set U. Then it is clear that V is open in F because 

for each curve o the image o(Iz) is compact, hence at a finite distance from 

the complement of U, so that any curve close to it is also contained in U. 
We define a map 


T:UxV—-F 
by 
T(u,¢0) =a + [feo-« 
0 
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Here we omit the dummy variable of integration, and x stands for the 
constant curve with value x. If we evaluate the curve T(z, oc) at ¢, then 
by definition we have 


t 
T (a, o)(t) = # + {,so0) du — a(t). 


Lemma 1. The map T is of class C?, and its second partial derivative is 
given by the formula 


Dele, a) = [,2re2 —I 
0 


where I is the identity. In terms of t, this reads 
t 
DeT (x, a)h(t) = { Df(a(u))h(u) du — h(t). 
) 
Proof. It is clear that the first partial derivative D,7 exists and is 
continuous, in fact C®, being linear in x up to a translation. To determine 
the second partial, we apply the definition of the derivative. The derivative 


of the map a +> a is of course the identity. We have to get the derivative 
with respect to o of the integral expression. We have for small h 


[toto +m - [foo- | wean 


< { lfe(o +h) — foo — (Dfco)hl. 
0 


We estimate the expression inside the integral at each point u, with u 
between 0 and the upper variable of integration. From the mean value 
theorem, we get 


[f(o(u) + h(u)) — f(o(u)) — Df(o(u))h(u)| S |\hl| sup |Df(2u) — Df(a(u))| 


where the sup is taken over all points z, on the segment between o(w) and 
o(u) + h(u). Since Df is continuous, and using the fact that the image of 
the curve o(Jp) is compact, we conclude (as in the case of uniform continuity) 
that as ||h|| > 0, the expression 


sup |Df (zu) — Df(a(u))| 


also goes to 0. (Put the ¢ and 6 in yourself.) By definition, this gives us the 
derivative of the integral expression in o. The derivative of the final term 
is obviously the identity, so this proves that D2T is given by the formula 
which we wrote down. 
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This derivative does not depend on zx. It is continuous in o. Namely, 
we have 


DoT (x, t) — DoT (x, ¢) = { [Dfot — Dfoa]. 
0 


If o is fixed and f is close to o, then Df ot — Df oa is small, as one proves 
easily from the compactness of o(J»), as in the proof of uniform continuity. 
Thus DeT is continuous. By Proposition 11 of Chapter I, §3, we now con- 
clude that T is of class C!. 

The derivative of DeT with respect to o can again be computed as before 
if Df is itself of class C!, and thus by induction, if f is of class C? we conclude 
that D2T is of class C?~! so that by the same reference, we conclude that 
T itself is of class C?. This proves our lemma. 


We observe that a solution of the equation 
Tigo) = 0 


is precisely an integral curve for the vector field, with initial condition 
equal to x. Thus we are in a situation where we want to apply the implicit 
mapping theorem. 


Lemma 2. Let xe U. Let a > 0 be such that Df is bounded, say by a 
number C; > 0, on the ball Ba(xo) (we can always find such a since Df is 
continuous at 29). Let b < 1/Cy. Then DeT (x, c) is invertible for all (x, o) 
in Ba(xo) x V. 


Proof. We have an estimate 


| i" Df(a(u))h(u) du} < bCx|Ah. 


This means that 
|[DeT (x, 0) + I| < 1, 
and hence that De2T (x, o) is invertible, as a continuous linear map, thus 


proving Lemma 2. We are ready to reprove the local smoothness theorem 
by the present means, when p is an integer, namely: 


Let p be a positive integer, and let f: U + E bea C? vector field. Let xo € U. 
Then there exist numbers a,b > 0 such that the local flow 


a:dy x Ba(xo) ~ U 
is of class C”. 
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Proof. We take a so small and then 6b so small that the local flow exists 
and is uniquely determined by Proposition 1. We then take 6 smaller and a 
smaller so as to satisfy the hypotheses of Lemma 2. We can then apply 
the implicit mapping theorem to conclude that the map x +> az, is of class 
C”. Of course, we have to consider the flow « and still must show that a 
itself is of class C?. It will suffice to prove that Dj and Dex are of class 
C?~1, by Proposition 11 of Chapter I, §3. We first consider the case p = 1. 

We could derive the continuity of « from the Corollary of Proposition 1, 
but we can also get it as an immediate consequence of the continuity of 
the map %+> ay. Indeed, fixing (s, y) we have 


la(t, 2) — a(s, y)| S a(t, xz) — a(t, y)| + lalt, y) — als, y)| 
S |laz — ay|| + lay?) — ay(s)I- 


Since a, is continuous (being differentiable), we get the continuity of «a. 
Since 


Dya(t, x) = f(a(t, 2)), 


we conclude that Da is a composite of continuous maps, whence continuous. 
Let @ be the derivative of the map x +> az, so that 


~: Ba(%o) + L(E, C°(Ip, E)) = L(E, F) 
is of class C?~1. Then 
Crew — te = O(x)w + |wly(w) 
where —/(w) > 0 as w > 0. Evaluating at ¢, we find 
a(t, + w) — aft, x) = (p(x)w)(t) + |wly(w)(t), 


and from this we see that 


Doa(t, zyw = (p(x)w)(t). 
Then 


|Doa(t, x)w — Doa(s, y)w| 
S (wt) — (Gly)w)(t)| + I(e(y)w)(t) — (e(y)w)(s)I. 
The first term on the right is bounded by 


lp(x) — ey)| wl 
so that 
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The curve g(y)w is continuous, so that if t is close to s, the second term on 
the right is small. This proves the continuity of Dex, and concludes the 
proof that « is of class C1. 


We have 


a(t, r) = 2+ [ f(a(u, x)) du. 
0 


We can differentiate under the integral sign with respect to the parameter 
x and thus obtain 


Dealt, 2) = I + i Df(a(u, x))Dea(u, x) du, 
0 


where J is a constant linear map (the identity). Differentiating with respect 
to ¢ yields the linear differential equation satisfied by Dox, namely 


D,Dea(t, x) = Df(a(t, x))Doa(t, x) 


and this differential equation depends on time and parameters. We have 
seen earlier how such equations can be reduced to the ordinary case. We 
now conclude that locally, by induction, Dax is of class C?~! since Df is 
of class C?~1. Since 


Dya(t, x) = f(alt, x)), 


we conclude by induction that Dja is C?~'. Hence a is of class C? by 
Proposition 11 of Chapter I, §3. Note that each time we use induction, the 
domain of the flow may shrink. We have proved the theorem when p is 
an integer. 


We now give the arguments needed to globalize the smoothness. We 
may limit ourselves to the time-independent case. We have seen that the 


time-dependent case reduces to the other. 
Let U be open in a Banach space E, and let f: U > E be a C? vector field. 
We let J(x) be the domain of the integral curve with initial condition equal 


to w. 
Let D(f) be the set of all points (t,x) in R x U such that ¢ lies in J(z). 


Then we have a map 


a:D(f)~ U 
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defined on all of D(f), letting a(t, x) = az(t) be the integral curve on J(z) 
having z as initial condition. We call this the flow determined by f, and we 
call D(f) its domain of definition. 


Lemma 3. Let f: U > E be a C® vector field on the open set U of E, and 
let « be its flow. Abbreviate a(t, x) by ta, if (t, x) is in the domain of definition 
of the flow. Letxe U. If ty lies in J(x), then 


J(tox) = I(x) — to 
(translation of J(x) by —to), and we have for all t in J(x) — to: 
t(tox) = (t + to)a. 
Proof. The two curves defined by 
trra(t,a(fo,z)) and ttrra(t + to, 2) 


are integral curves of the same vector field, with the same initial condition 
tox at ¢ = 0. Hence they have the same domain of definition J(t9x). Hence 
t; lies in J(tox) if and only ift; + é liesin J(z). This proves the first assertion. 
The second assertion comes from the uniqueness of the integral curve 
having given initial condition, whence the theorem follows. 


Theorem 1 (Global smoothness of the flow). If f is of class C? (with 
p < ow), then tts flow is of class C? on tts domain of definition. 


Proof. First let p be an integer = 1. We know that the flow is locally 
of class C? at each point (0, 2), by the local theorem. Let 29 € U and let 
J(xo) be the maximal interval of definition of the integral curve having 
Xo as initial condition. Let D(f) be the domain of definition of the flow, and 
let « be the flow. Let Q be the set of numbers 6 > 0 such that for each t 
with 0 S$ ¢ < 6 there exists an open interval J containing ¢ and an open 
set V containing xp such that J x V is contained in D(f) and such that « 
is of class C? on J x V. Then Q is not empty by the local theorem. If Q 
is not bounded from above, then we are done looking toward the right end 
point of J(xo). If @ is bounded from above, we let b be its least upper bound. 
We must prove that 6 is the right end point of J(z9). Suppose that this is 
not the case. Then a(b, x) is defined. Let 2, = a(b, 29). By the local 
theorem, we have a unique local flow at 21, which we denote by B: 


B: Ja x Ba(x1) > U, B02) =r. 
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defined for some open interval Jg = (—a, a) and open ball Ba(x1) of radius 
a centered at 7). Let 6 be so small that whenever b — 6 < t < b we have 


a(t, Xo) ¢ Baya(21). 
We can find such 6 because 


lim a(t, 2) = 21 
tb 


by continuity. Select a point t; such that b ~ 6 < t; < b. By the hypoth- 
esis on b, we can select an open interval J; containing ¢; and an open set 
U, containing zo so that 


aid, x U0, aed Bajo(21) 


maps J; x Uj into Bgj2(x1). We can do this because « is continuous at 
(¢1, 29), being in fact C? at this point. If |¢ — t;| < a and x € Uj, we define 


p(t, z) = B(t — th, a(ts, x)). 
Then 
p(t, 2) = B(0, alti, z)) = a(t, x) 
and 
Digit, 2) = Dip(t — ti, a(ts, x)) 
= f(B(t — t1, a(t, 2))) 
= f(olt, 2)). 


Hence both gz and az are integral curves for f with the same value at ¢;. 
They coincide on any interval on which they are defined by the uniqueness 
theorem. If we take 6 very small compared to a, say 6 < a/4, we see that 
gy is an extension of « to an open set containing (¢), xo), and also containing 
(b, xo). Furthermore, ¢ is of class C?, thus contradicting the fact that 6 is 
strictly smaller than the end point of J(xo). Similarly, one proves the 
analogous statement on the other side, and we therefore see that D(f) is 
open in R x U and that a is of class C? on D(f), as was to be shown. 


The idea of the above proof is very simple geometrically. We go as far 
to the right as possible in such a way that the given flow a is of class C” 
locally at (t,o). At the point «(b, zo) we then use the flow f to extend 
differentiably the flow « in case b is not the right-hand point of J(xo). The 
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flow B at a(b, x) has a fixed local domain of definition, and we simply take 
t close enough to b so that B gives an extension of «, as described in the 
above proof. 

Of course, if f is of class C®, then we have shown that « is of class C? 
for each positive integer p, and therefore the flow is also of class C®. 

In the next section, we shall see how these arguments globalize even more 
to manifolds. 


§2. Vector fields, curves, and flows 


Let X be a manifold of class C? with p = 2. We recall that X is assumed 
to be Hausdorff. Let 2: 7(X) > X be its tangent bundle. Then 7(X) is 
of class C?~1, p > 1. 

By a (time-independent) vector field on X we mean a cross section of the 
tangent bundle, i.e. a morphism (of class C?~') 


E:X + T(X) 


such that &(x) lies in the tangent space 7';(X) for each x € X, or in other 
words, such that x& = id. 

If 7(X) is trivial, and say X is an E-manifold, so that we have a VB- 
isomorphism of 7(X) with X x E, then the morphism € is completely 
determined by its projection on the second factor, and we are essentially 
in the situation of the preceding paragraph, except for the fact that our 
vector field is independent of time. In such a product representation, the 
projection of € on the second factor will be called the local representation of 
€. It is a C?~1-morphism 


foX = E 


and (x) = (x, f(x)). We shall also say that ¢ is represented by f locally 
if we work over an open subset U of X over which the tangent bundle 
admits a trivialisation. We then frequently use € itself to denote this local 
representation. 

Let J be an open interval of R. The tangent bundle of J is then J x R 
and we have a canonical section 1 such that 1(f) = 1 for allt e J. We some- 
times write 1, instead of 1(t). 

By a curve in X we mean a morphism (always of class > 1 unless other- 
wise specified) 


wed) Ss NC 
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from an open interval in R into X. If g: X — Y is a morphism, then go « 


is a curve in Y. From a given curve a, we get an induced map on the tangent 
bundles: 


R—> 7(X) 


: 


and a, 01 will be denoted by «’ or by da/dt if we take its value at a point 
tin J. Thus a’ is a curve in 7(X), of class C?~! if is of class C?. Unless 
otherwise specified, it is always understood in the sequel that we start with 
enough differentiability to begin with so that we never end up with maps 
of class < 1. Thus to be able to take derivatives freely we have to take X 
and « of class C? with p = 2. 

If g: X — Y is a morphism, then 


Qe X 


| 


(90 a)'(t) = gyc’(é). 


This follows at once from the functoriality of the tangent bundle and the 
definitions. 

Suppose that J contains 0, and let us consider curves defined on J and 
such that «(0) is equal to a fixed point x. We could say that two such 
curves 01, % are tangent at 0 if a}(0) = a,(0). The reader will verify im- 
mediately that there is a natural bijection between tangency classes of 
curves with a(0) = xo and the tangent space 7T',,(X) of X at x. The tangent 
space could therefore have been defined alternatively by taking equivalence 
classes of curves through the point. 

Let & be a vector field on X and xp a point of X. An integral curve for 
the vector field € with initial condition xo, or starting at zo, is a curve (of 
class C?~1) 


aid +» X 


mapping an open interval J of R containing 0 into X, such that a(0) = xo 
and such that 


a’(t) = (a(t) 


for all te J. Using a local representation of the vector field, we know 
from the preceding section that integral curves exist locally. The next 
theorem gives us their global existence and uniqueness. 


Theorem 2. Let a,:J, > X and o2:J2 > X be two integral curves of 
the vector field E on X, with the same initial condition xo. Then a, and a: 
are equal on J, 1 Jo. 
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Proof. Let J* be the set of points ¢ such that a(t) = a(t). Then J* 
certainly contains a neighborhood of 0 by the local uniqueness theorem. 
Furthermore, since X is Hausdorff, we see that J* is closed. We must show 
that it is open. Let ¢* be in J* and define f}, Bz near 0 by 


Bilt) = ar(t* + t) 
Bolt) = a2(t* + 2). 


Then f; and £2 are integral curves of € with initial condition ay(¢*) and 
a2(t*) respectively, so by the local uniqueness theorem, f; and fz agree in 
a neighborhood of 0 and thus 01, «2 agree in a neighborhood of t*, thereby 
proving our theorem. 


It follows from Theorem 2 that the union of the domains of all integral 
curves of € with a given initial condition 2 is an open interval which we 
denote by J(o). Its end points are denoted by t* (xo) and 7 (xo) respectively. 
(We do not exclude + 0 and — 0.) 

Let D(é) be the subset of R x X consisting of all points (¢, x) such that 


t“(2) < t < t* (a). 
A (global) flow for ¢ is a mapping 
a:D(é) > X 
such that for each x € X, the map a,;: J(x) > X given by 
A(t) = a(t, x) 


defined on the open interval J(x) is a morphism and is an integral curve 
for € with initial condition x. When we select a chart at a point xo of X, 
then one sees at once that this definition of flow coincides with the definition 
we gave locally in the previous section, for the local representation of our 
vector field. 

Given a point x ¢ X and a number t, we say that tz is defined if (¢, x) is 
in the domain cf a, and we denote a(t, x) by tx in that case. 


Theorem 3. Let ¢ be a vector field on X, and « its flow. Let x be a point 
of X. If to lies in I(x), then 


J (tox) = J (x) = to 
(translation of J(x) by —to), and we have for all t in I(x) — to: 


t(tox) = (t + to)x. 
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Proof. Our first assertion follows immediately from the maximality 
assumption concerning the domains of the integral curves. The second is 
equivalent to saying that the two curves given by the left-hand side and 
right-hand side of the last equality are equal. They are both integral curves 
for the vector field, with initial condition fox and must therefore be equal. 

In particular, if t), t2 are two numbers such that tz is defined and fo(t,7) 
is also defined, then so is (t; + tg)” and they are equal. 


Theorem 4. Let € be a vector field on X, and x a point of X. Assume 
that t*(x) < co. Given a compact set A < X, there exists ¢ > 0 such that 
for allt > t*(x) — 6, the point tz does not lie in A, and similarly for t~. 


Proof. Suppose such ¢ does not exist. Then we can find a sequence t, of 
real numbers approaching ¢(*z) from below, such that tnx lies in A. Since 
A is compact, taking a subsequence if necessary, we may assume that tnx 
converges to a point in A. By the local existence theorem, there exists a 
neighborhood U of this point y and a number 6 > 0 such that t*(z) > 6 
for allze U. Taking n large, we have 


t*(¢) < 6 + ty 
and ¢,x isin U. Then by Theorem 3, 
t* (a) = t* (tar) + th > 6 + ty > t(*2) 


contradiction. 


Corollary. If X is compact, and € is a vector field on X, then D(E) = 
Rex: 


It is also useful to give one other criterion when D(¢) = R x X, even 
when X is not compact. Such a criterion must involve some structure 
stronger than the differentiable structure (essentially a metric of some 
sort), because we can always dig holes in a compact manifold by taking 
away a point. 


Proposition 4. Let E be a Banach space, and X an E-manifold. Let € 
be a vector field on X. Assume that there exist numbers a > 0 and K > 0 
such that every point x of X admits a chart (U, ~) at x such that the local 
representation f of the vector field on this chart is bounded by K, and so is 
its derivative f'. Assume also that pU contains a ball of radius a around 
gx. ThenD(é) = R x X. 


Proof. This follows at once from the global continuation theorem, and 
the uniformity of Proposition 1, §1. 


We shall prove finally that D(é) is open and that « is a morphism. 
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Theorem 5. Let € be a vector field of class C?~! on the C?-manifold X 
(2< p<). Then DE) is open in R x X, and the flow a for ¢ is a 
C?-1-morphism. 


Proof. Let first p be an integer > 2. Let roe X. Let J* be the set of 
points in J(xo) for which there exists a number b > 0 and an open neigh- 
borhood U of 2g such that (¢ — b,¢ + 6) U is contained in D(€), and such 
that the restriction of the flow « to this product is a C?~1-morphism. Then 
J* is open in J(x9), and certainly contains 0 by the local theorem. We must 
therefore show that J* is closed in J(zp). 

Let s be in its closure. By the local theorem, we can select a neighborhood 
V of sap = a(s, 29) so that we have a unique local flow 


Bi:Ja xX V>X 


for some number a > 0, with initial condition B(0, x) = x for all ze V, and 
such that this local flow f is C?~?. 

The integral curve with initial condition zp is certainly continuous on 
J(xo). Thus tro approaches sxo as t approaches s. Let V; be a given small 
neighborhood of sx9 contained in V. By the definition of J*, we can find an 
element f, in J* very close to s, and a small number b (compared to a) and 
a small neighborhood U of xo such that « maps the product 


(4) — 6,4, + 6) x U 


into V1, and is C?~! on this product. Fort € Jg + t; and z e U, we define 


p(t, x) = Bt — ti, a(t, x). 


Then g(t, z) = B(0, a(t, x)) = a(t, x), and 


Dyio(t, x) = Dy, Bie — t, a(t, a)) 
a E(B(t = i, a(t, x)) 


Hence both @z, a, are integral curves for €, with the same value at f}. They 
coincide on any interval on which they are defined, so that gz is a continuation 
of a, to a bigger interval containing s. Since « is C?~! on she product 
(t: — b,t; + 6) x U, we conclude that ¢ is also C?~! on (Jg + 1) x U. 
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From this we see that D(¢) is open in R x X, and that « is of class C?~ 
on its full domain D(é). If p = oo, then we can now conclude that « is of 
class C” for each positive integer r on D(¢), and hence is C”, as desired. 


Corollary 1. For each té€ R, the set of x € X such that (t, x) is contained 
in the domain D(E) is open in X. 


Corollary 2. The functions t*(x) and t~(x) are upper and lower semi- 
continuous respectively. 


Theorem 6. Let € be a vector field on X and « tts flow. Let Di(€) be the 
set of points x of X such that (t, x) lies in D(E). Then D,(é) is open for each 
te R, and x is an isomorphism of D;(€) onto an open subset of X. In fact, 
o2(De) — Day and ont = Of. 


Proof. Immediate from the preceding theorem. 


Corollary. If xo 1s a point of X and t is in J(a), then there exists an open 
neighborhood U of xo such that t lies in J(x) for all x € U, and the map 


re tx 


is an isomorphism of U onto an open neighborhood of tao. 


Critical points 


Let & be a vector field. A critical point of € is a point xq such that €(xo) = 0. 
Critical points play a significant role in the study of vector fields, notably 
in the Morse theory. We don’t go into this here, but just make a few 
remarks to show at the basic level how they affect the behavior of integral 


curves. 


Remark 1. If « is an integral curve of a C" vector field, €, and « passes 
through a critical point, then a is constant, that 1s a(t) = xo for all t. 


Proof. The constant curve through 2p is an integral curve for the vector 
field, and the uniqueness theorem shows that it is the only one. 


Some smoothness of the vector field in addition to continuity must be 
assumed for the uniqueness. For instance, the following picture illustrates 
a situation where the integral curves are not unique. They consist in 
translations of the curve y = x° in the plane. The vector field is continuous 


but not locally Lipschitz. 


88 VECTOR FIELDS AND DIFFERENTIAL EQUATIONS {IV, 2] 


Remark 2. Let & be a vector field and « an integral curve for €. Assume 
that allt = 0 are in the domain of a, and that 


lim a(t) = 2 
t>0 


exists. Then x1 1s a critical point for €, that 1s E(a1) = 0. 


Proof. Selecting t large, we may assume that we are dealing with the 
local representation f of the vector field near z;. Then for ¢’ > ¢ large, 
we have 


’ 
a(t’) — a(t) = i f(a(u)) du. 
Write f(a(u)) = f(a1) + g(u), where lim g(u) = 0. Then 
|f(zr)| |e" — #] S la(t’) — a(t) + |é’ — ¢| sup lg(u)I, 

where the sup is taken for u large, and hence for small values of g(uw). 
Dividing by |t’ — ¢| shows that f(x,) is arbitrarily small, hence equal to 0, 
as was to be shown. 

Remark 3. Suppose on the other hand that xo is not a critical point of the 

vector field €. Then there exists a chart at x9 such that the local representation 


of the vector field on this chart is constant. 


Proof. In an arbitrary chart the vector field has a representation as a 
morphism 


EU +E 
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near %. Let a be its flow. We wish to “straighten out” the integral curves 
of the vector field according to the next figure. 


F 22 F a(r(x), Pz) 


In other words, let v = €(29). We want to find a local isomorphism ¢ at 
%o such that 


g'(x)v = (g(x). 


We inspire ourselves from the picture. Without loss of generality, we may 
assume that 2 = 0. Let J be a functional such that A(v) # 0. We decom- 
pose E as a direct sum 


E = F @ Ry, 
where F is the kernel of A. Let P be the projection on F. We can write 
any x near 0 in the form 
x= Px + trzx)v, 


where 


We then bend the picture on the left to give the picture on the right using 
the flow « of €, namely we define 


gz) = a(z(z), Pz). 


This means that starting at Px, instead of going linearly in the direction of 
v for a time t(x), we follow the flow (integral curve) for this amount of time. 


We find that 


g(x) = Dya(t(x), Px) S + Dea(r(x), Px)P. 


90 VECTOR FIELDS AND DIFFERENTIAL EQUATIONS {IV, 3] 


Hence g’(0) = id, so by the inverse mapping theorem, ¢ is a local iso- 
morphism at 0. Furthermore, since Pv = 0 by definition, we have 


'(x)v = Dya(c(w), Px) = €(e(a)), 


thus proving what we wanted. 


§3. Sprays 


Let X be a manifold of class C? with p > 3. Then its tangent bundle 
T(X) is of class C?~1, and the tangent bundle of the tangent bundle 
T(T(X)) of class O?~?, with p — 2 2 1. 

Let «a: J ~ X be a curve of class C* (s < p). A lifting of « into T(X) 
is a curve B: J > T(X) such that 7B = a. We shall always deal with 
s > 2 so that a lift will be assumed of class s — 1 2 1. Such lifts always 
exist, for instance the curve a’ discussed in the previous section, called the 
canonical lifting of «. 

A second order differential equation over X is a vector field € on the 
tangent bundle 7(X) (of class C?~1) such that, if x denotes the canonical 
projection of 7(X) on X, then 


TC (v) = 0 


for all v in 7(X). Observe that the succession of symbols makes sense, 
because 


ty: TT(X) + T(X) 


maps the double tangent bundle into 7'(X) itself. It follows immediately 
from the definitions that ¢ is a second order differential equation if and only 
if it satisfies the following condition: Each integral curve B of € is equal to 
the canonical lifting of zB, in other words 


(xB) = B. 


Here, zB is the canonical projection of 8 on X, and if we put the argument 
t, then our formula reads 


(xB)'(t) = Bit) 


for all £ in the domain of B. We shall give an example later. 

We shall be interested in special kinds of second order differential equa- 
tions. Before we discuss these, we make a few technical remarks. 

Let s be a real number, and z: E > X is a vector bundle. If v is in E, 
so in #, for some x in X, then sv is again in EF, since FE, is a vector space. 
We shall identify s with the mapping of £ into itself given by this scalar 
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multiplication. This mapping is in fact a VB-morphism, and even a VB- 
isomorphism if s # 0. Then 


s,: T(E) -» T(E) 


is the usual induced map on the tangent bundle of E. 
Now let H = T(X) be the tangent bundle itself. Then our map s satisfies 
the following properties. First, 


848 = 88y, 


which follows from the linearity of s, on each fiber. Second, if a: J > X 
is a curve, and q is the curve defined by a(t) = a(st), then 


ai(t) = sa'(st), 


this being the chain rule for differentiation. 

Let € be a second order differential equation on X. If v is a vector in 
T(X), let By be the unique integral curve of € with initial condition v (i.e. 
such that B,(0) = v). Let D be the set of vectors on 7(X) such that By 
is defined at least on the interval [0,1]. We know from Corollary 1 of 
Theorem 5, §2, that D is an open set in 7(X), and by the theorem itself, 
the map 


vt B,(1) 
is a morphism of D into 7(X). We now define the exponential map 


exp:D > X 
to be 
exp (v) = 7B»(1). 


Then exp is a C?~?-morphism. We also call D the domain of the expo- 
nential map (associated with ¢). 

Let X be a manifold of class C? (p = 3) and let & be a second order 
differential equation on X. Then the following conditions are equivalent, 
and define what we shall call a spray over X. (In the first three conditions, 
the sentence should begin with “‘for each v in 7(X).”’) 


SPR 1 A number t is in the domain of By if and only if 1 is in the domain 
of Biv, and then 


TBr(t) = mBe(1). 
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SPR 2 If s,t are numbers, st is in the domain of By if and only if s is im 
the domain of Bry, and then 


TBt(s) = 7Bp(st). 


SPR 3. A number t is in the domain of Bsy if and only tf st is in the domain 
of By and then 


Bsvlt) = sBp(st). 
SPR 4. For all se Rand v € T(X), we have 
C(sv) = 848¢(v). 


We shall now prove that all these conditions are equivalent. 

Assume SPR 1. Then s¢ is in the domain of f; if and only if 1 is in the 
domain of Bszy, and s is in the domain of Pzy if and only if 1 is in the domain 
of Bsty. This proves the first assertion of SPR 2, and again by SPR 1, assum- 
ing these relations, we get what we want. 

It is similarly clear that SPR 2 implies SPR 1. 

Assume SPR 2. To prove SPR 3, we have 


(7Bsv)'(t) = © nol) = 8(nBp)'(st) = sB,(st). 


Using the fact that (zBsv)’ = Bsv, we get what we want. It is obvious that 
SPR 3 implies SPR 2. 

Assume SPR 3. Since f, is an integral curve of & for each v, with initial 
condition v, we have by definition 


Bio(0) = €(s0). 


Using our assumption, we also have 
Ul d U 
Beo(t) = dt (sB»(st)) oo! 5458, (st). 


Putting ¢ = 0 and using the assumption once more gives us the condition 
SPR 4. 

Finally, assume SPR 4, and let s be fixed. For all ¢ such that st is in the 
domain of B,, the curve B,(st) is defined and we have 


© (sBulst)) = sgsBilst) = s4s6(Bulst)) = &(sBulst)) 
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Hence the curve sf,(st) is an integral curve for €, with initial condition 
sB,(0) = sv. By uniqueness we must have 


SBy(st) = Bso(t). 
This proves SPR 3. We are done. 


To summarize, a spray is a vector field on 7(X) which satisfies the fol- 
lowing two conditions: 


The second condition is equivalent with any one of the first three SPR 
conditions, and is just SPR 4. It is particularly useful to give examples 
of sprays. Indeed, it is clear from these two, that sprays form a convex set! 
Hence if we can exhibit sprays over open subsets of Banach spaces, then 
we can glue them together by means of partitions of unity, and we obtain 
at once the following global existence theorem. 


Theorem 7. Let X be a manifold of class CP (p = 3). If X admits par- 
titions of unity, then there exists a spray over X. 


We give an example of a spray locally. 


Example. Let U be open in the Banach space E, so that 7(U) = U x E, 
and T(T(U)) = (U x E) x (E x E). Thenz: U x E > U is simply the 


projection, and we have a commutative diagram: 


(U x E) x (Ex E)—> U x E 


| | 


U x E————> U 


The map z, on each fiber E x E is constant, and is simply the projection 
of E x E on the first factor E. 
Any vector field on U x E has a local representation 


f:UxEsSExkE 


which has therefore two components, f = (f1, fz), each f; mapping U x E 
into E. The next proposition describes second order differential equations 


and sprays locally in terms of their local representations. 


94 VECTOR FIELDS AND DIFFERENTIAL EQUATIONS [IV, 3] 


Proposition 5. Let U be open in the Banach space E, and let T(U) = 
U x E be the tangent bundle. A C?~*-morphism 


fiUx E+ExE 


is the local representation of a second order differential equation on U if and 
only uf 
fix, v) = (v, fo(z, v)). 


It is a spray if and only if in addition, for all numbers s, we have 
fo(x, 8v) = 8fo(x, v). 


Proof. The proof follows at once from the definitions. We leave the 
symbols to the reader. 


We can now write down a spray, letting the local representation be 


f(z, v) = (v, 9). 


It satisfies our conditions. We shall see in the chapter on Riemannian 
metrics how one constructs sprays somewhat less trivially. 


We conclude this section by looking more explicitly at the integral curve 
of a second order differential equation and spray. Let @ = g(t) be an 
integral curve for the second order differential equation ¢. Following the 
notation of Proposition 5, and thus working locally, our curve has two 
components, 


g(t) = (y(t), 2(t))e U x E. 
By definition, if f is the local representation of £, we must have 


dp _ (2 dz 
dt dt’ dt 


a fYy, z) = (z, faly, z)). 


Consequently, our differential equation can be rewritten in the following 
manner: 


dy _ 

dt 

dy _ de _ 1, (y,%) 
dt2~—s dt "dt 


which is of course familiar. The additional condition of a spray simply 
means that fz is homogeneous of degree 2 in the variable dy/dt. It is therefore 
quadratic. Cf. the remark in Chapter I, §3. 
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§4. The exponential map 


Let X be a manifold and é a fixed spray over X. As mentioned before, 
we let D be the set of vectors v e T(X) such that 1 lies in the domain of 
Bv. We know that D is open, and the exponential map 


exp: D + X 
is given by 


exp (v) = 7B,(1). 


It is a C?~*-morphism. As usual, we assume X to be a C?-manifold with 
pee 3: 

If x e X and 0, denotes the zero vector in 7',, then from SPR 4, taking 
s = 0, we see that €(0,) = 0. Hence 


ex (03) — 2. 


Thus our exponential map coincides with z on the zero cross section, and 
so induces an isomorphism of the cross section onto X. It will be con- 
venient to denote the zero cross section of a vector bundle # over X by 
C,(X) or simply CX if the reference to EF is clear. Here, # is the tangent 


bundle. 
We denote by exp, the restriction of exp to the tangent space 7T',. Thus 


expz: 1, > X. 
Theorem 8. Let X be a manifold and € a spray on X. Then 
exp;: 7, ~ X 


induces a local isomorphism at 0x, and in fact (expz), ts the identity at Oz. 


Proof. We prove the second assertion first because the main assertion 
follows from it by the inverse function theorem. Furthermore, since 7’; is 
a vector space, it suffices to determine the derivative of exp, on rays, in 
other words, to determine the derivative with respect to ¢ of a curve exp; (tv). 
This is given by the definition of a spray, and we find 


d 
dt TB tv = Biv. 


Evaluating this at ¢ = 0 and taking into account that B,, has w as initial 
condition for any w gives us 


(expz)«(0z) = ud. 
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§5. Existence of tubular neighborhoods 


Let X be a submanifold of a manifold Y. A tubular neighborhood of X 
in Y consists of a vector bundle x: H + X over X, an open neighborhood 
Z of the zero section ¢,X in EZ, and an isomorphism 


{:Z2-U 


of Z onto an open set in Y containing X, which commutes with ¢: 


IN 


pf 


We shall call f the tubular map and Z or its image f(Z) the corresponding 
tube (in F or Y respectively). The bottom map j is simply the inclusion. 
We could obviously assume that it is an embedding and define tubular 
neighborhoods for embeddings in the same way. We shall say that our 
tubular neighborhood is total if Z = EH. In this section, we investigate 
conditions under which such neighborhoods exist. We shall consider the 
uniqueness problem in the next section. 


Theorem 9. Let Y be of class C? (p = 3) and admit partitions of unity. 
Let X be a closed submanifold. Then there exists a tubular neighborhood of 
X in Y, of class C?~*. 


Proof. Consider the exact sequence of tangent bundles: 
0 > T(X) > T(Y)| X > N(X) > 0. 
We know that this sequence splits, and thus there exists some splitting 
T(Y)|X = T(X) ® NX) 


where N(X) may be identified with a subbundle of 7(Y) |X. We con- 
struct a spray ¢ on T(Y) using Theorem 7 and obtain the corresponding 
exponential map. We shall use its restriction to N(X), denoted by exp | N. 
Thus 


exp | V:D an N(X) > YF. 


We contend that this map is a local isomorphism. To prove this, we may 
work locally. Corresponding to the submanifold, we have a product de- 
composition U = U, x Us, with X = U; x 0. If U is open in E, then 
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we may take U;, Uz open in Fj, F, respectively. Then the injection of 
N(X) in T(Y) | X may be represented locally by an exact sequence 


0+ U, x F, > U; x F, x Fy, 
and the inclusion of 7(Y) | X in T(Y) is simply the inclusion 
U; x Fy, x Fy, > Uy x ‘U2 x Fy x Fo. 


We work at the point (71, 0) in U, x Fe. We must compute the derivative 
of the composite map 


Uy ae 0 x, x Fx FF, 


at (z1,0). We can do this by the formula for the partial derivatives. Since 
the exponential map coincides with the projection on the zero cross section, 
its “‘horizontal’’ partial derivative is the identity. By Theorem 8 of §4 we 
known that its “‘vertical’’ derivative is also the identity. Let y = (exp) o @ 
(where @ is simply followed by the inclusion). Then for any vector 


(wi, we) in F, x Fp, we get 
D(x, 0) ‘ (wi, we) = (w1, 0) + Px, (wa), 


where @z, is the linear map given by ¢ on the fiber over 2}. By hypothesis, 
we know that F; x Fe is the direct sum of F, x 0 and of the image of 
Qz,- This proves that Dy(x1,0) is a toplinear isomorphism, and in fact 
proves that the exponential map restricted to a normal bundle is a local 
isomorphism on the zero cross section. 

We have thus shown that there exists a vector bundle H > X, an open 
neighborhood Z of the zero section in #, and a mapping f: Z > Y which, 
for each x in Cy, is a local isomorphism at x. We must show that Z can be 
shrunk so that f restricts to an isomorphism. To do this we follow Godement 
(Théorie des Faisceaux, Hermann, Paris, p. 150). We can find a locally 
finite open covering of X by open sets U; in Y such that, for each 1 we have 


inverse isomorphisms 
Tt Z; > U; and gt: U; => Zi 


between U; and open sets Z; in Z, such that each Z; contains a point 2 of 
X, such that f;, g; are the identity on X (viewed as a subset of both Z and 
Y) and such that f; is the restriction of f to Z;. We now find a locally finite 
covering {V;} of X by open sets of Y such that Vi; c U;, and let V =V;. 
We let W be the subset of elements y « V such that, if y lies in an inter- 
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section V; a V;, then gi(y) = g;(y). Then W certainly contains X. We 
contend that W contains an open subset containing X. 
Let x e¢ X. There exists an open neighborhood G, of x in Y which meets 


only a finite number of Vi, say Vi,,..., Vi, Taking G,; small enough, we 
can assume that x lies in each one of these, and that Gz is contained in 
each one of the sets Uae ee U;. Since x lies in each Vi» aneged Vi, it is 
contained in U;,,..., Ui, and our maps g;,,..., 9;, take the same value at 
x, namely x itself. Using the fact that f,,,...,f,, are restrictions of f, we 
see at once that our finite number of maps g,,,...,9,, must agree on Gy; 


if we take G'; small enough. 
Let G be the union of the G;. Then G@ is open, and we can define a map 


g:G>gGQ)cZ 


by taking g equal to g; on G m V;. Then g(G) is open in Z, and the restriction 
of f to g(G) is an inverse for g. This proves that f, g are inverse isomorphisms 
on G and g(@), and concludes the proof of the theorem. 

A vector bundle H > X will be said to be compressible if, given an open 
neighborhood Z of the zero section, there exists an isomorphism 


og: Eo, 


of E with an open subset Z; of Z containing the zero section, which com- 
mutes with the projection on X: 


KS 
\ v 
aX 


It is clear that if a bundle is compressible, and if we have a tubular neigh- 
borhood defined on Z, then we can get a total tubular neighborhood defined 
on £. We shall see in the chapter on Riemannian metrics that certain types 
of vector bundles are compressible (Hilbert bundles, assuming that the 
base manifold admits partitions of unity). 


§6. Uniqueness of tubuler neighborhoods 


Let X, Y be two manifolds, and F:R x X > Y a morphism. We shall 
say that F is an isotopy (of embeddings) if it satisfies the following con- 
ditions. First, for each te R, the map F; given by F;(x) = F(t, 2) is an 
embedding. Second, there exist numbers to < t, such that F; = F;, for all 
tS to and F;, = F; for all t = ti. We then say that the interval [to, 1] 
is a proper domain for the isotopy, and the constant embeddings on the 
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left and right will also be denoted by F_., and F, ,, respectively. We say 
that two embeddings f: X + Y and g: X — Y are isotopic if there exists 
an isotopy F; as above such that f = F;, and g = F;, (notation as above). 
We write f ~ g for f isotopic to g. 

Using translations of intervals, and multiplication by scalars, we can 
always transform an isotopy to a new one whose proper domain is contained 
in the interval (0,1). Furthermore, the relation of isotopy between embed- 
dings is an equivalence relation. It is obviously symmetric and reflective, 
and for transitivity, suppose f = g and g ~ h. We can choose the ranges 
of these isotopies so that the first one ends and stays constant at g before 
the second starts moving. Thus it is clear how to compose isotopies in 
this case. 

If so < si are two numbers, and o:R — R is a function (morphism) 
such that o(s) = f) for s < so and o(s) = ¢t; for s => s,, and o is monotone 
increasing, then from a given isotopy F; we obtain another one, G; = F,,). 
Such a function o can be used to smooth out a piece of isotopy given only 
on a closed interval. 


Remark. We shall frequently use the following trivial fact: If fi: X + Y 
is an isotopy, and if g: X; > X and h: Y — Yj, are two embeddings, then 
the composite map 

hfig: X1 > Yi 
is also an isotopy. 

Let Y be a manifold and X a submanifold. Let 1: H + X be a vector 
bundle, and Z an open neighborhood of the zero section. An isotopy 
fi: Z > Y of open embeddings such that each f; is a tubular neighborhood 
of X will be called an isotopy of tubular neighborhoods. In what follows, the 
domain will usually be all of Z. 


Proposition 6. Let X be a manifold. Let n: HE > X and m: Hy > X 
be two vector bundles over X. Let 


f:E- E 


be a tubular neighborhood of X in E (identifying X with tts zero section in 
E,). Then there exists an isotopy 


fr: Ho fi 


with proper domain [0,1] such that f, = f and fo ts a VB-tsomorphism. 
(If f, 2, 1 are of class CP then fi; can be chosen of class C?~*.) 


Proof. We define F by the formula 
File) = t” Yf(te) 
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fort £ Oandee FE. Then F; is an embedding since it is composed of em- 
beddings (the scalar multiplications by ¢, ~* are in fact VB-isomorphism). 

We must investigate what happens at t = 0. 

Given e € E, we find an open neighborhood U, of ze over which £; admits 
a trivialisation U,; x E,. We then find a still smaller open neighborhood 
U of me and an open ball B around 0 in the typical fiber E of # such that 
E admits a trivialisation U x E over U, and such that the representation 
f of fon U x B (contained in U x E) maps U x B into U, x Kj. This 
is possible by continuity. On U x B we can represent f by two morphisms, 


Fla, v) = (y(z, v), W(x, v)) 


and g(x, 0) = x while w(x, 0) = 0. Observe that for all ¢ sufficiently small, 
te is contained in U x B (in the local representation). 
We can represent F; locally on U x B as the mapping 


F(x, v) = (e(@, tv), €-1(a, tv)). 


The map 9g is then a morphism in the three variables z, v, and t even at 
t = 0. The second component of F; can be written 


1 
t~1W(a, tv) = t7} [ Dow (ax, stv) - (tv) ds 
0 
and thus ¢~? cancels ¢ to yield simply 


if Dow (x, stv) + v ds. 
0 


This is a morphism in ¢, even at ¢ = 0. Furthermore, for t = 0, we obtain 
Fo(x, v) = (x, Day(a, 0)v). 


Since f was originally assumed to be an embedding, it follows that Dey(x, 0) 
is a toplinear isomorphism, and therefore Fy is a VB-isomorphism. To get 
our isotopy in standard form, we can use a function o: R > R such that 
o(t) = 0 for ¢ < 0 and o(t) = 1 for t = 1, and o is monotone increasing. 
This proves our proposition. 


Theorem 10. Let X bea submanifold of Y. Letn: E +> X andn,: BE, ~ X 
be two vector bundles, and assume that E is compressible. Let f: E + Y and 
g: E, > Y be two tubular neighborhoods of X in Y. Then there exists a 
C?~1isotopy 


fi: E> Y 
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of tubular neighborhoods with proper domain [0,1] and a VB-tsomorphism 
A: E — Ey, such that fi = f and fo = gA. 


Proof. We observe that f(#) and g(£) are open neighborhoods of X in 
Y. Let U = f~\(f(Z) 9 g(H;)) and let 9: E > U be a compression. Let 
W be the composite map 


pie ely 


wy = (f| U)°@. Then yp is a tubular neighborhood, and W(£) is contained 
in g(£i). Therefore g-1y: HZ — E; is a tubular neighborhood of the same 
type considered in the previous proposition. There exists an isotopy of 
tubular neighborhoods of X: 


G;: E> Ey 


such that G, = g~4W and Gp is a VB-isomorphism. Considering the isotopy 
gG:, we find an isotopy of tubular neighborhoods 


Wy: EO iY 


such that wi = Ww and Wo = gw where w: E > EF, is a VB-isomorphism. 
We have thus shown that wy and gw are isotopic (by an isotopy of tubular 
neighborhoods). Similarly, we see that wy and fu are isotopic for some 
VB-isomorphism 


pik o> E. 


Consequently, adjusting the proper domains of our isotopies suitably, we 
get an isotopy of tubular neighborhoods going from gw to fu, say F; Then 
F,u~' will give us the desired isotopy from gwp™* to f, and we can put 
A = wp ' to conclude the proof. 


(By the way, the uniqueness proof did not use the existence theorem for 
differential equations.) 


CHAPTER V 


Operations on Vector Fields 
and Differential Forms 


If EH > X is a vector bundle, then it is of considerable interest to in- 
vestigate the special operation derived from the functor ‘multilinear 
alternating forms.’ Applying it to the tangent bundle, we call the sections 
of our new bundle differential forms. One can define formally certain 
relations between functions, vector fields, and differential forms which lie 
at the foundations of differential and Riemannian geometry. We shall give 
the basic system surrounding such forms. In order to have at least one 
application, we discuss the fundamental 2-form, and in the next chapter 
connect it with Riemannian metrics in order to construct canonically the 
spray associated with such a metric. 

We assume throughout that our manifolds are Hausdorff, and sufficiently 
differentiable so that all of our statements make sense. 


§1. Vector fields, differential operators, brackets 


Let X be a manifold of class C? and o a function defined on an open 
set U, that is a morphism 


g:U oR. 
Let € be a vector field of class C?~'. Recall that 
T:9:T;,(U) > T,(R) = R 


is a continuous linear map. With it, we shall define a new function to be 
denoted by ég or &(g). (There will be no confusion with this notation and 
composition of mappings.) . 


Proposition 1. There exists a unique function Ep on U of class C?~} 
such that 


(Spyz) = (T2@)¢(2). 
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If U is open in the Banach space E and & denotes the local representation of 
the vector field on U, then 


(Cp)(x) = '(x)E (2). 


Proof. The first formula certainly defines a mapping of U into R. The 
local formula defines a C?~!-morphism on U. It follows at once from the 
definitions that the first formula expresses invariantly in terms of the 
tangent bundle the same mapping as the second. Thus it allows us to define 
éy as a morphism globally, as desired. 


Let §? denote the ring of functions (of class C”). Then our operation 
gy +» Cp gives rise to a linear map 


6:: FU) > F?-*(U), 


if we let d.g = €@. 
A mapping 
6:RA38 


from a ring # into an R-algebra S is called a derivation if it satisfies the 
usual formalism: Linearity, and d(ab) = ad(b) + d(a)b. 


Proposition 2. Let X be a manifold and U open in X. Let € be a vector 
field over X. If 6, = 0, then E(x) = 0 forall xe U. Each 6; is a derivation 
of &?(U) into %?-*(U). 


Proof. Suppose (x) # 0 for some x. We work with the local representa- 
tions, and take g to be a continuous linear map of E into R such that 
g(é(x)) # 0, by Hahn-Banach. Then g'(y) = ¢ for all y € U, and we see 
that o’(x)é(x) # 0, thus proving the first assertion. The second is obvious 
from the local formula. 


From Proposition 2 we deduce that if two vector fields induce the same 
differential operator on the functions, then they are equal. 
Given two vector fields €, 4 on X, we shall now define a new vector field 


ligsearile 


Proposition 3. Let &, be two vector fields of class C?~1 on X. Then 
there exists a wnique vector field [€, n] of class C’~* such that for each open 
set U and function @ on U we have 


[f, nlp = €(n(e)) — n(E(¢)). 
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If U is open in E and €, n are the local representations of the vector fields, 
then [€, n] ts given by the local formula 


(6, nlo(x) = p'(x)(n'(w)E(x) — 2'(x)n(x)). 
Thus the local representation of [E, n] is given by 
[o, m](z) = n’(x)e(x) — ¢’(x)n(z). 


Proof. By Proposition 2, any vector field having the desired effect on 
functions is uniquely determined. We check that the local formula gives us 
this effect locally. Differentiating formally, we have (using the law for the 
derivative of a product): 


(p'n)’> — (o'E)n 
g'n’é ate o'ng = g't'n = op” én. 


(np)’e — (Ce)’'n 


The terms involving g” must be understood correctly. For instance, the 
first such term at a point x is simply 


0p" (x)(n(x), E(x) 


remembering that @” is a bilinear map, and can thus be evaluated at the 
two vectors n(x) and &(x). However, we know that o"(x) is symmetric. 
Hence the two terms involving the second derivative of @ cancel, and give 
us our formula. 


Corollary. The bracket [€,] ws bilinear in both arguments, we have 
[é,4] = —I[n, €], and Jacobi’s identity 


[¢, fm, C1) + [n, (6, C]] + £¢, (6, n]J = 0. 


Proof. The first two assertions are obvious. The third comes from the 
definition of the bracket. We apply the vector field on the left of the equality 
to a function g. All the terms cancel out (the reader will write it out as 
well or better than the author). 


We make some comments concerning the functoriality of vector fields. 


Let 
gts ¥ 


be an isomorphism. Let € be a vector field over X. Then we obtain an 
induced vector field f,¢é over Y, defined by the formula 


(faE)(F(x)) = TF(E(2)). 
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It is the vector field making the following diagram commutative. 


ax “2 7y 


‘|| |] 8 


re) | 


We shall also write f* for (f~ 1), when applied to a vector field. Thus we 
have the formulas 


fb = TfoEof? | and. | ft = Tf tokof 


If f is not an isomorphism, then one cannot in general define the direct 
or inverse image of a vector field as done above. However, let € be a vector 
field over X, and let 4 be a vector field over Y. If for each x € X we have 


TH(E(x)) = (f(z), 


then we shall say that f maps € into n, or that € and yn are f-related. If this 
is the case, then we may denote by f,é the map from f(X) into 7'Y defined 
by the above formula. 


Let €1, 2 be vector fields over X, and let ni, ng be vector fields over Y. If 
€; ts f-related to ni for 1 = 1, 2 then as maps on f(X) we have 


fal€i, €2] = [11 72]. 


We may write suggestively the formula in the form 


IelSis €2] aa [fais fxC2). 


Of course, this is meaningless in general, since f,¢; may not be a vector 
field on Y. When f is an isomorphism, then it is a correct formulation of 
the other formula. In any case, it suggests the correct formula. 

To prove the formula, we work with the local representations, when 
X = U is open in E, and Y = V is open in F. Then &, 7; are maps of 
U, V into the spaces E, F respectively. For x ¢ X we have 


(fal€r, 2))(e) = f'(w)(En(w)Er(x) — E4(x)Ea(x)). 
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On the other hand, by assumption, we have 
ni(f(x)) = f'(x)Ed(2), 
so that 
[m, nal(f(2)) 


nol f(x))ni(f(z)) — ni(f(x))ne(f(2)) 
no(f(x))f'(x)E1() — nif (@))f’ (x) Eal(z) 
(nz of) (x)éx(x) — (mo f('(x)Ea(x))) 
= f"(a) + Eo(ar) x(a) + f’(a)Es(a)Er(x) 
—f" (x) Ex(oe)- Ea(ae) — f'(a)E(ja)Ea(ar). 


Since f(x) is symmetric, two terms cancel, and the remaining two terms 
give the same value as (f,[¢1, €2])(x), as was to be shown. 

The bracket between vector fields gives an infinitesimal criterion for 
commutativity in various contexts. We give here one theorem of a general 
nature as an example of this phenomenon. 


I 


Theorem 1. Let €,n be vector fields on X, and assume that [é,] = 0. 
Let a and B be the flows for E and n respectively. Then for real values t, s 
we have 


aro Bs = Bs o at. 


Or in other words, for any x € X we have 


a(t, B(s, x)) = B(s, a(t, x), 


in the sense that if for some value of t a value of s is in the domain of one 

of these expressions, then it is in the domain of the other and the two ex- 

pressions are equal. 

Proof. For a fixed value of t, the two curves in s given by the right- and 
left-hand side of the last formula have the same initial condition, namely 
a(z). The curve on the right 


st» B(s, a(t, x)) 
is by definition the integral curve of 7. The curve on the left 
st» a(t, B(s, x)) 


is the image under o of the integral curve for 7 having initial condition 2. 
Since z is fixed, let us denote f(s, x) simply by f(s). What we must show is 
that the two curves on the right and on the left satisfy the same differential 
equation. 
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B(s, a(t, x)) 


B(s) 


a(t, x) 


x 


In the above figure, we see that the flow % shoves the curve on the left to 
the curve on the right. We must compute the tangent vectors to the curve 
on the right. We have 


Doa(t, B(s))B'(s) 
Dea(t, B(s))n(B(s)). 


Now fix s, and denote this last expression by F(t). We must show that if 


. (ax(B(s))) 


Gt) = n(a(t, B(s))), 
then 


We have trivially F(0) = G(0), in other words the curves F and G have the 
same initial condition. On the other hand, 


F'(t) = &'(a(t, B(s)))Daa(t, B(s))n(B(s)) 


and 
G'(t) = n'(alt, B(s)))E(a(t, B(s))) 
= €'(a(t, B(s)))n(a(t, B(s))) (because [é, 9] = 0). 


Hence we see that our two curves F and G satisfy the same differential 
equation, whence they are equal. This proves our theorem. 


Vector fields €, such that [¢,7] = 0 are said to commute. One can 
generalize the process of straightening out vector fields to a finite number 
of commuting vector fields, using the same method of proof, using Theorem 
1. As another application, one can prove that if the Lie algebra of a con- 
nected Lie group is commutative, then the group is commutative. Cf. the 
section on Lie groups. 
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§2. Lie derivative 


Let 2 be a differentiable functor on Banach spaces. For convenience, 
take 4 to be covariant and in one variable. What we shall say in the rest 
of this section would hold in the same way (with slightly more involved 
notation) if 2 had several variables and were covariant in some and contra- 
variant in others. 

Given a manifold X, we can take 1(7(X )). It is a vector bundle over X, 
which we denote by 7',(X) as in Chapter III. Its sections .,(X) are the 
tensor fields of type 4. 

Let ¢ be a vector field on X, and U open in X. It is then possible to 
associate with € a map 


£.:1,(U) > T,(U) 


(with a loss of two derivatives). This is done as follows. 

Given a point x of U and a local flow a for € at x, we have for each t 
sufficiently small a local isomorphism a; in a neighborhood of our point x. 
Recall that locally, a=! = a_¢. If is a tensor field of type A, then the 
composite mapping 7 o a has its range in 7',(X). Finally, we can take the 
tangent map 7(a«_+) = («_¢), to return to 7',(X) in the fiber above x. We 
thus obtain a composite map 


F(t, 2) = (a-t)e ono a(x) = (o4'n)(x), 


which is a morphism, locally at x. We take its derivative with respect to 
t and evaluate it at 0. After looking at the situation locally in a trivialisation 
of T(X) and 7',(X) at x, one sees that the map one obtains gives a section 
of 7,(U), that is a tensor field of type A over U. This is our map Y;. To 
summarize, 


Lay = ‘ ae. (%_t)e om © Oe. 
It is then an exercise to show that the operation of vector fields on functions, 
and the bracket of vector fields are special cases of the general operation 
6,. In the first case, one takes for A the constant functor R, and in the 
second case, the identity. 

This map &, is called the Lie derivative. In each case we shall carry out 
the exercise, beginning now with functions and vector fields, and continuing 
later with differential forms. 

First let g be a function. Then by the general definition, the Lie derivative 
of this function with respect to the vector field € with flow « is defined to be 


LO(x) = a ; [p(a(t, x)) — o(x)], 
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or in other words, 


d 
Lup = — (af 
ep a t Q) — 


Lp = CO. 


F(t) = (a(t, 2). 


Our assertion is then that 


To prove this, let 


Then 
F'(t) = o' (a(t, x))Dia(t, x) 
= g' (alt, a) )E(a(t, x)), 


because « is a flow for €. Using the initial condition at t = 0, we find that 


which is precisely the value of €g at x, thus proving our assertion. 


If €,n are vector fields, then 


LN Ca Ss n]. 


As before, let « be a flow for €. The Lie derivative is given by 


d 
Ln = — (a* : 
en 7 | 1”) be 


Letting € and y denote the local representations of the vector fields, we note 
that the local representation of (;‘n)(x) is given by 


(og'n)(x) = F(t) = Dea(—t, x)y(a(t, 2)). 


We must therefore compute F’(t), and then F’(0). Using the chain rule, the 
formula for the derivative of a product, and the differential equation 
satisfied by Dox, we obtain 


F(t) = —D,Dea(—t, x)n(a(t, x)) + Doo(—t, x)y’(a(t, x))Dra(t, x) 
= —€'(a(—t, x))Doo(—t, x)n(a(t, x)) + Dao(—t, «)y’(a(t, x)). 
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Putting ¢ = 0 proves our formula, taking into account the initial conditions 


a0 cheem and Deox(0, x) = id. 


§3. Exterior derivative 


Let X be a manifold. The functor L‘(E) (r-multilinear continuous 
alternating forms) extends to arbitrary vector bundles, and in particular, 
to the tangent bundle of X. A differential form of degree 7, or simply an 
r-form on X, is a cross section of L7(7(X)), that is a tensor field of type 
Ij. If X is of class C?, forms will be assumed to be of a suitable class C* 
with 1 < s S p — 1. They are denoted by ’(X). If w is an r-form, then 
co(x) is an element of L{(7',(X)), and is thus an r-multilinear alternating 
form of 7',(X) into R. We sometimes denote w(x) by wz. 

Suppose U is open in the Banach space E. Then L{(7(U)) is equal to 
U x L*(E) and a differential form is entirely described by the projection 
on the second factor, which we call its local representation, following our 
general system (Chapter III, §4). Such a local representation is therefore 
a morphism 


o:U > LE). 
Let w be in Li(E) and v,...,v, elements of E. We denote the value 
@(V1,..., Ur) also by 
CRY, >> KOPF). 


Similarly, let ¢,,...,¢, be vector fields on an open set U, and let w be 
an r-form on X. We denote by 


Co, €1 oe SOS BS fr 
the mapping from U into R whose value at a point x in U is 
(a(x), €1(@)-x °°* x Es(X)>. 


Looking at the situation locally on an open set U such that T(U) is trivial, 
we see at once that this mapping is a morphism (i.e. a function on U) of 
the same degree of differentiability as w and the &. 


Proposition 4. Let xo be a point of X and w an r-form on X. If 
<@, €1 x *** X €y>(Xo) 


is equal to 0 for all vector fields ¢1,..., Cr at xo (i.e. defined on some nergh- 
borhood of xo), then w(x) = 9. 
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Proof. Considering things locally in terms of their local representations, 
we see that if (x9) is not 0, then it does not vanish at some r-tuple of vectors 
(v1,..., Ur). We can take vector fields at 19 which take on these values at 
xq and from this our assertion is obvious. 


It is convenient to agree that a differential form of degree 0 is a function. 
In the next proposition, we describe the exterior derivative of an r-form, 
and it is convenient to describe this situation separately in the case of 
functions. 

Therefore let f: X — R be a function. For each x € X, the tangent map 


Taf: TAX) > Ty(R) = R 


is a continuous linear map, and looking at local representations shows at 
once that the collection of such maps defines a 1-form which will be denoted 
by df. Furthermore, from the definition of the operations of vector fields 
on functions, it is clear that df is the unique 1-form such that for every 
vector field € we have 


<df, o> = ¢f. 
To extend the definition of d to forms of higher degree, we recall that if 
w:U > Li (E) 


is the local representation of an r-form over an open set U of E, then for 
each z in U, 


w'(x): E > Li (E) 


is a continuous linear map. Applied to a vector v in E, it therefore gives rise 
to an r-form on E. 


Proposition 5. Let w be an r-form of class C?~1 on X. Then there exists 
a unique (r + 1)-form dw on X of class C®~* such that, for any open set 
U of X and vector fields €o,..., € on U we have 


<dw, fo x +++ x &)> = (= ideo, fo % 4 ie Epa s+ Ea 
+} (—1)"4a, [én Es) * Co * =e Ge x ee 


i<j 
If furthermore U is open in Eand w, &0,..., &, are the local representations 
of the form and the vector fields respectively, then at a point x the value of 
the expression above is equal to 


——— 


Y (-1)Ka'(x)Ei(x), Eola) x +++ x Ela) x +++ x E(x). 


1=0 
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Proof. As before, we observe that the local formula defines a differential 
form. If we can prove that it gives the same thing as the first formula, 
which is expressed invariantly, then we can globalize it, and we are done. 
Let us denote by S; and Sz the two sums occurring in the invariant ex- 
pression, and let L be the local expression. We must show that 8; + Se = L. 
We consider S;, and apply the definition of €; operating on a function locally, 
as in Proposition 1, at a point x. We obtain 


= Y= WK, fo x 20 x 8 xo x Sey NEUE) 


The derivative is perhaps best computed by going back to the definition. 
Applying this definition directly, and discarding second order terms, we 
find that 8; is equal to 


Y (=i o'(w)Ee(x), Cola) xx Ela) x0 x Ely 
cae xx Eale(a) x ++ x Ea) x +++ x (x) 
i j<i 
+ YY Coola), Eola) x ++ x Ela) xo x Ease) x +++ x E(a)). 
tj<i 


Of these three sums, the first one is the local formula LZ. As for the other 
two, permuting j and 7 in the last, and moving the term €;(x);(x) to the 
first position, we see that they combine to give (symbolically) 


Se Can gis ay) G0 x ey x Ry x + 
4 j<i 
(evaluated at x). Using Proposition 3, we see that this combination is 
equal to —S2. This proves that 8; + S; = LD, as desired. 


We call dw the exterior derivative of w. 


Let w, w be continuous multilinear alternating forms of degree r and s 
respectively on the Banach space E. In multilinear algebra, one defines 
their wedge product as an (r + s)-continuous multilinear alternating form, 


by the formula 


1 
(@ A W)(V1,..-, Ur+s) iat = ay E(F)@(Vg1,---, Vor)W(Vo¢r4-1) +++ sU gs) 


the sum being taken over all permutations o of (1,...,7 + 8). This 
definition extends at once to differential forms on a manifold, if we view 
it as giving the value for w A wy at a point x. The x are then elements 
of the tangent space 7',, and considering the local representations 
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shows at once that the wedge product so defined gives a morphism of the 
manifold X into L/**(7(X)), and is therefore a differential form. 

If we regard functions on X as differential forms of degree 0, then the 
ordinary product of a function by a differential form can be viewed as the 
wedge product. Thus if f is a function and @ a differential form, then 


fo=faa. 


(The form on the left has the value f(x) w(x) at 2.) 
The next proposition gives us more formulas concerning differential forms. 


Proposition 6. Let w, w be differential forms on X. Then 
EXD 1. dja a Ww) = dan b + (-1)®™q@ a dw. 
EXD 2. ddw = 0 (with enough differentiability, say p = 4). 


Proof. This is a simple formal exercise in the use of the local formula 
for the local representation of the exterior derivative. We leave it to the 
reader. 


When the manifold is finite dimensional, then one can give a local rep- 
resentation for differential forms and the exterior derivative in terms of 
local coordinates, which are especially useful in integration which fits the 
notation better. We shall therefore carry out this local formulation in full. 


We recall first two simple results from lnear (or rather multilinear) 
algebra. We use the notation E” = E x E x --- x E, r times. 


Theorem A. Let E be a finite dimensional vector space over the reals of 
dimension n. For each positive integer r with 1 <r <n there exists a 
vector space /\’E and a multilinear alternating map 


EOS AE 


denoted by (uj,...,Ur) > U1 A*** A Ur, having the following property: 
If {v1,..., Un} ts a basis of E, then the elements 


(Upenn tA Ue, tj <igr ae «4, 
form a basis of NE. 


We recall that alternating means that uj A +:: A u, = 0 if uj; = u; for 
some 1 # j. We call A’E the rth alternating product (or exterior product) 
on E. Ifr = 0, we define A°9E = R. Elements of A’E which can be written 
in the form uy A ++: A uy are called decomposable. Such elements generate 


NE. Ifr > dim E, we define A’E = {0}. 
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Theorem B. For each pair of positive integers (r, s), there exists a unique 
product (bilinear map) 


NE x AVE > A't+*E 
such that if uj,..., Ur, W1,..., Ws € E then 
(uy Act* A Ur) X (WIL Att A Ws) UL Ato oA Up A WEA OA Ws. 
This product is associative. 


The proofs for these two statements can be found, for instance, in my 
Innear Algebra. 


Let E* be the dual space, E* = L(E,R). If E = R” and j,..., Ap are 
the coordinate functions, then each J; is an element of the dual space, and 
in fact {A1,..., An} is a basis of this dual space. Let E = R”. There is an 
isomorphism 


N'E* _©, L(E, R) | 


| 


given in the following manner. If 91,...,9,€ E* and v,...,v, € E, then 
the value 


det (9 (v;) ) 


is multilinear alternating both as a function of (g1,..., gy) and (v1,..., Ur). 
Thus it induces a pairing 


NE* x E' > R 
and a map 


N'E* = L’(E, R). 


This map is the isomorphism mentioned above. Using bases, it is easy to 
verify that it is an isomorphism (at the level of elementary algebra). 

Thus in the finite dimensional case, we may identify L7(E, R) with the 
alternating product /’E*, and consequently we may view the local rep- 
resentation of a differential form of degree r to be a map 


ao: U — NE* 


from U into the rth alternating product of E*. We say that the form is of 
class C? if the map is of class C?. (We view A’E* as a normed vector space, 
using any norm. It does not matter which, since all norms on a finite dimen- 
sional vector space are equivalent.) 


116 OPERATIONS ON VECTOR FIELDS AND DIFFERENTIAL FORMS _ [V, 3] 


Since {/1,..., An} is a basis of E*, we can express each differential form 
in terms of its coordinate functions with respect to the basis 


Aan nee (t1 <*** < %p), 
namely for each x € U we have 


w(x) = de fess ayaa A hea 


where f,;, = fi,---¢, is a function on U. Each such function has the same 
order of differentiability as @. We call the preceding expression the 
standard form of w. We say that a form is decomposable if it can be written 
as just one term f(x)4y, A ++: A 44. Every differential form is a sum of 
decomposable ones. 

We agree to the convention that functions are differential forms of 
degree 0. 

It is clear that the differential forms of given degree r form a vector 
space, denoted by 7(U). 

Let E = R". Let f be a function on U. For each 2 € U the derivative 


f(x): RB" oR 
is a linear map, and thus an element of the dual space. Thus 
f’':U ~ E* 


represents a differential form of degree 1, which is usually denoted by df. 
If f is of class C?, then df is class C?~}. 
Let A; be the 7th coordinate function. Then we know that 


dA,(x) = A(x) = Ag 


for each x € U because A4’(x) = A for any continuous linear map 4. When- 
ever {1,...,%n} are used systematically for the coordinates of a point in 
R”, it is customary in the literature to use the notation 


dh, (x) = dx; : 


This is slightly incorrect, but is useful in formal computations. We shall 
also use it in this book on occasions. Similarly, we also write (incorrectly) 


oO = YV Sw dx, IO 5 dx; 
(i) 


instead of the correct 


co(x) == 2 falar, Niece IN. A1,. 
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In terms of coordinates, the map df (or f’) is given by 
df (x) = f'(%) = Dif(z)Ar +++- + Dnf(z)An 


where Dif(z) = Of/éa, is the ith partial derivative. This is simply a re- 
statement of the fact that ifh = (hy,..., hn) is a vector, then 


Flee ee ee, 
0x1 Ln 


Thus in old notation, we have 
df(x) = a ats +>: uk dxy. 
Ve 


We shall develop the theory of the alternating product and the exterior 
derivative directly without assuming Propositions 5 or 6 in the finite dimen- 
sional case. 

Let @ and wy be forms of degrees r and s respectively, on the open set U. 
For each x € U we can then take the alternating product w(x) A w(x) and 
we define the alternating product w A w by 


(@ A W)(z) = w(x) A (2) 


(It is an exercise to verify that this product corresponds to the product 
defined previously before Proposition 6 under the isomorphism between 
I‘ (E, R) and the rth alternating product in the finite dimensional case.) If 
f is a differential form of degree 0, that is a function, then we have again 


fao= fo, 
where (fw)(z) = f(x)@(x). By definition, we then have 


oA fh =fon yw. 


We shall now define the exterior derivative dw for any differential form 
@. We have already done it for functions. We shall do it in general first in 
terms of coordinates, and then show that there is a characterization in- 
dependent of these coordinates. If 


oO = VY fwo diy, ISS IN dA,, 
(@) 


we define 


dw = Y afi) A dA, NAA dA,.. 
(7) 
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Example. Suppose n = 2 and @ is a 1-form, given in terms of the two 
coordinates (2, y) by 


w(x, y) = f(x, y) dz + g(x, y) dy. 
Then 
da(x, y) = af (x, y) A dx + dg(x, y) A dy 


= (2 ae + Fay) A dx + (ae + 22 ay) A dy 
Ox oy Ox oy 


el ay omide 4 oe 
oy 0x 
= (2 = 2) dy A dz 
Oy ou. 
because the terms involving dx A dx and dy a dy are equal to 0. 
The map d is linear, and satisfies 
dio aw) =doaanwt(—-lyo a dy 


if r = deg a@. The map d is uniquely determined by these properties, and 
by the fact that for a function f, we have df = f’. 


Proof. The linearity of d is obvious. Hence it suffices to prove the formula 
for decomposable forms. We note that for any function f we have 


d(fo) =df vA w+ fda. 


Indeed, if w is a function g, then from the derivative of a product we get 
d(fg) = fdg +gdf. If 
@= gdh, Av*> A diz, 


where g is a function, then 
d(fo) = d(fgdii, A+++ A d&y) = d(fg) A dy, Av++ A dy. 
= (fdg+gdf) nd, A+++ a dh, 
=fdo+dfa a, 
as desired. Now suppose that 
wo=fdi, Av: A diy, and W=gdly A+++ A djs 
= fa = 9 
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with 1) < +++ < t, and j; <::: < j, as usual. If some t, = j,, then from 
the definitions we see that the expressions on both sides of the equality in 
the theorem are equal to 0. Hence we may assume that the sets of indices 
t1,..., %, and j3,..., js have no element in common. Then d(@ a ) = 0 
by definition, and 


da np) =d(f9d 0 Py =A fy) nda wp 

=(9df +fdgyrnday 

=doarnwWt+fdgnanaw 

=donrnww+ (-lfondaw 

=doaaw+ (-loa dy, 
thus proving the desired formula, in the present case. (We used the fact 
that dg A © = (—1)'@ a dg whose proof is left to the reader.) The 
formula in the general case follows because any differential form can be 
expressed as a sum of forms of the type just considered, and one can then 
use the bilinearity of the product. Finally, d is uniquely determined by the 
formula, and its effect on functions, because any differential form is a sum 
of forms of type f di, A ++: A dj, and the formula gives an expression of 
d in terms of its effect on forms of lower degree. By induction, if the value 


of d on functions is known, its value can then be determined on forms of 
degree = 1. This proves our assertion. 


Let w be a form of class C*. Then ddw = 0. 
Proof. If f is a function, then 


and 


Using the fact that the partials commute, and the fact that for any two 
positive integers r,s we have dz, A das = —dxs A dz,y, we see that the 
preceding double sum is equal to 0. A similar argument shows that the 
theorem is true for 1-forms, of type g(x) da; where g is a function, and thus 
for all 1-forms by linearity. We proceed by induction. It suffices to prove 
the formula in general for decomposable forms. Let w be decomposable 
of degree 7, and write 


o=nrary, 
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where deg Wy = 1. Using the formula for the derivative of an alternating 
product twice, and the fact that ddy = 0 and ddy = 0 by induction, we 
see at once that ddw = 0, as was to be shown. 

We conclude this section by giving some properties of the pull-back of 
forms. As we saw at the end of Chapter III, §4, if f: X — Y is a morphism 
and if w is a differential form on Y, then we get a differential form f*(q) 
on X, which is given at a point x e X by the formula 


f*(@)z = Wysz) ° (Tf), 


if w is of degree r. This holds for r = 1. The corresponding local rep- 
resentation formula reads 


<f*o(x), x(a) x +++ x Er(x)> = Calf (x)), fw)Eale) x +++ x f'(x)Er(a)> 


if €,..., &, are vector fields. 

In the case of a 0-form, that is a function, its pull-back is simply the 
composite function. In other words, if g is a function on Y, viewed as a 
form of degree 0, then 


It is clear that the pull-back is linear, and satisfies the following properties. 


Property 1. If w, w are two differential forms on Y, then 
f*(@ a W) = f*(@) a fF). 
Property 2. If w 1s a differential form on Y, then 
df*(w) = f*(da). 


Property 3. If f: X + Y and g: Y > Z are two morphisms, and w is a 
differential form on Z, then 


f*G"(@)) = (ge f)*(o) 
Finally, in the case of forms of degree 0: 
Property 4. If f: X + Y is a morphism, and g is a function on Y, then 


d(gof) = f*(dg) 


and ata point x € X, the value of this 1-form is given by 


T 29 °T cf = (dg)zo Taf. 
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The verifications are all easy, and even trivial, except possibly for 
Property 2.. We shall give the proof of Property 2 in the finite dimensional 
case and leave the general case to the reader. 

For a form of degree 1, say 


ay) = gly) dy, 


with yi = f(x), we find 


(f* da)(x) = (g'(f(a)) of'(x)) A afi(z). 


Using the fact that ddf,; = 0, together with Proposition 6 we get 


(df*w)(x) = (digo f))(x) A afi(c), 


which is equal to the preceding expression. Any 1-form can be expressed 
as a linear combination of form g; dy;, so that our assertion is proved for 
forms of degree 1. 

The general formula can now be proved by induction. Using the linearity 
of f*, we may assume that w is expressed as @ = W A n where W, 7 have 
lower degree. We apply Proposition 6 and Property 1 to 


f* dw = f*(dp an) + (-1'f*(W A dn) 


and we see at once that this is equal to df *w, because by induction, f* dy = 
df*y and f* dy = df*n. This proves Property 2. 


Example 1. Let y1,.-.-,Y, be the coordinates on V, and let py; be the 
jth coordinate function, j = 1,..., m, so that yj; = pj(y1,---, Ym). Let 


W fee OE 
be the map with coordinate functions 
yi = f(x) = py f (2). 
1b 
coy) = gly) dys, Av77 A dys, 


is a differential form on V, then 


fto = (g°f) afi, A-°° A Ofi,. 
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Indeed, we have for x € U: 


(f*c)(x) = o(f(x))(us, of'(@)) Avot A (ey, of'(@)) 
and 
Fila) = (wg ef)’ (%) = yo f'(x) = afj(x) 


Example 2. Let f: [a,b] > R® be a map from an interval into the plane, 
and let x,y be the coordinates of the plane. Let ¢ be the coordinate in 
[a,b]. A differential form in the plane can be written in the form 


w(x, y) = g(x, y) dx + h(a, y) dy 


where g, h are functions. Then by definition, 
* dy 
f * a(t) = g(x), y Oe dt + h(a(t), A) dt, 


if we write f(t) = (z(t), y(t)). Let G = (g,h) be the vector field whose 
components a - and h. Then we can write 


f* a(t) = Gf) -f'@ dt 


which is essentially the expression which is integrated when defining the 
integral of a vector field along a curve. 


Example 3. Let U, V be both open sets in n-space, and let f: U > V be 
a CO? map. If 


oy) = gly) dy: A+++ A dyn, 
where y; = f;(z) is the jth coordinate of y, then 
dy; = Difj(x) day + +++ + Dnfj(x) dan 


0 
= dey 4-4 Cee 
Oxy Otn 


and consequently, expanding out the alternating product according to the 
usual multilinear and alternating rules, we find that 


f* a(x) = o(f(x)) Apa) day A+++ A dap, 


where Ay; is the determinant of the Jacobian matrix of f. 
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§4. The canonical 2-form 


Consider the functor E+ Z(E) (continuous linear forms). If HE > X is 
a vector bundle, then L(Z) will be called the dual bundle, and will be denoted 
by E*. For each z € X, the fiber of the dual bundle is simply L(E;). 

If H = T(X) is the tangent bundle, then its dual is denoted by 7*(X) 
and is called the cotangent bundle. Its elements are called cotangent vectors. 
The fiber of 7*(X) over a point x of X is denoted by T*(X). For each 
xe X we have a pairing 


T% xT, >R 
given by 
<v, &) 


for v € T* and u € T; (it is the value of the linear form v at w). 

We shall now describe how to construct a canonical 1-form on the co- 
tangent bundle 7*(X). For each v ¢ 7*(X) we must define a 1-form on 
T,(T*(X)). 

Let 2: T*(X) — X be the canonical projection. Then the induced tangent 
map 


Tn = 14: T(T*(X)) > T(X) 


can be applied to an element z of T,(7*(X)) and one sees at once that 
1,z lies in T',(X) if v lies in T¥(X). Thus we can take the pairing 


Cv, T4Z) = Wy/(2) 
to define a map (which is obviously continuous linear): 
Wy: T,(T*(X)) > R. 


Proposition 7. This map defines a 1-form on T*(X). Let X = U be 
open in E and 
T*(U) =U x E*, 1(T*(U)) = (U x E*) x (E x E*). 
If (x,v)¢U x E* and (y,w)eE x E*, then the local representation 
Dz,) 18 given by 
(Oz) (y, w)> = Xv, y>. 


Proof. We observe that the projection 7: U x E* U is linear, and 
hence that its derivative at each point is constant, equal to the projection 
on the first factor. Our formula is then an immediate consequence of the 
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definition. The local formula shows that w is in fact a 1-form locally, and 
therefore globally since it has an invariant description. 


Our 1-form is called the canonical 1-form on the cotangent bundle. Its 
exterior derivative dw = Q will be called the canonical 2-form. The next 
proposition describes it locally. 


Proposition 8. Let U be open in E. Let Q be the local representation of the 
canonical 2-form on T(T*(U)). Let (z,v)eU x E*. Let (yi, wi) and 
(y2, we) be elements of E x E*. Then 


(Qe 0)s (Yy, 1) X (Yo, Wa)> = (Wy, Yoo — (Wes Yi)- 


Proof. We observe that q@ is linear, and thus that q’ is constant. We 
then apply the local formula for the exterior derivative, given in Proposition 
5 of the preceding section. Our assertion becomes obvious. 


§5. The Poincare lemma 


If w is a differential form on a manifold and is such that dw = 0, then 
it is customary to say that it is closed. If there exists a form w such that 
@ = dy, then one says that w is exact. We shall now prove that locally, 
every closed form is exact. 


Poincaré lemma. Let U be an open ball in E and let w be a differential 


form of degree = 1 on U such that dw = 0. Then there exists a differential 
form W on U such that dp = w. 


Proof. We shall construct a linear map k from the r-forms to the (r — 1)- 
forms (r = 1) such that 


dk + kd = td. 


From this relation, it will follow that whenever dw = 0, then 
dk@ = a, 


thereby proving our proposition. We may assume that the center of the 
ball is the origin. If @ is an r-form, then we define kw by the formula 


1 
((k@)x, 01 X *°* X Up) = { t’~"< elt), x vy x +++ x vp_1) db. 
0 
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We can assume that we deal with local representations and that 1; ¢ E. We 
have 


<(dk@)x, v1 X °** X UF> 


[P 


= ¥ (-1)'* (ke) (avi, 01 X + x KO 


X Ur> 
4 


= di-yit | t<’o(tx), ve xX 01 X +9 X & KO x OP dt 


+ zi | <a’ (ix), 2X Vy Xs K OE Kee x OP dd. 


On the other hand, we also have 
1 
CCG), Oy < **> X 0, = i Pagig), 2 X01 K *** xX Ua 
0 
1 
= [ t’< a! (ta)x, v1 X ++" X Ved dt 
0 


+ ¥(-1) 6 [ea'tayoy a x oy x80 x By + x OF) dl 


We observe that the second terms in the expressions for kdw and dkw 
occur with opposite signs and cancel when we take the sum. As to the first 


terms, if we shift v; to the 1th place in the expression for dkw, then we get 
an extra coefficient of (—1)'*1. Thus 


1 
dkow + kdw = { rt’ 1¢@(tx), v1 x °** X Vf> dt 
0 


+t { t'< oy’ (tx)a, v1 X +°* X Ve) dt. 
This last integral is simply the integral of the derivative with respect to ¢ of 
Ce), Up X92 xX Vy». 
Evaluating this expression between t = 0 and¢ = 1 yields 
(M(x), v1 X °°* X Uf) 
which proves our proposition. 


We observe that we could have taken our open set U to be star-shaped 
instead of an open ball. 
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§6. Contractions and Lie derivative 


Let & be a vector field and let w be an r-form on a manifold X,7r 2 1. 
Then we can define an (r — 1)-form C,@ by the formula 


(Cpe)()(v2,..., Ur) = (E(x), v2,..., Ur); 
for v2,...,%7€ Tz. Using local representations shows at once that C,w 
has the appropriate order of differentiability (the minimum of @ and @). 
We call C,@ the contraction of w by ¢, and also denote C.w by 
oe. 2 or wo €, 


If f is a function, we define C,f = 0. This operation of contraction satisfies 
the following properties. 


CON 1. CO; °C, = 0. 


CON 2. The association (€,@)t>+ C.w = wm _| € is bilinear. It is in fact 
bilinear with respect to functions, that is if p is a function, then 


CON 3. If w, w are differential forms and r = deg w, then 
C{@ A W) = (C.w) a w + (-l)’@ A Cap. 
These three properties follow at once from the definitions. 


Example. Let X = R", and let 
@(a) = dzj A*>* A A&q. 


If ¢ is a vector field on R”, then we have the local representation 


n —_—_ 
(@ _] E(x) = DY (—1)* Sela) day Avs+ A day A+++ A dan. 
1—L 
We also have immediately from the definition of the exterior derivative, 
n 
d(w _| ¢) = Le ee, A***A din, 


letting € = (€1,..., &n) in terms of its components €;. 
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We can define the Lie derivative of an r-form as we did before for vector 
fields. Namely, we shall evaluate the following limit: 


(Leona) = him . [az o)(x) — co(x)), 
or in other words, 


d 
L.0 = — (a*w 
; an lee 


where « is the flow of the vector field ¢, and we call Y, the Lie derivative 
again, applied to the differential form w. 


Proposition 9. Let & be a vector field and w a differential form of degree 
rl. If i,..., € are vector fields, then the Lie derivative Lu) ws given by 


d 
L.0 = dt CQ oO, Mpelr X °° X Apply) Me 


If &, &, w denote the local representations of the vector fields and the form 
respectively, then the Lie derivative L.w has the local representation 


Ca@'(x)e(x), Caw) x +++ x Es(ar)> = <((Lea)(x), Cr(z) x +++ x Sr(2)> 
a 2) Cala), ¢1(%) x ++ x C(a)Ca(a) x +++ x Sr(x)>. 


Proof. The proof is routine using the definitions. The first assertion is 
obvious by the definition of the pull-back of a form. For the local rep- 
resentation, let 


F(t) = C(og'@)(x), r(x) x +++ x E,(x)> 
= (e(a(t, x)), Dealt, x)Ei(z) x +++ x Dealt, x)é,(x)>. 


Then the Lie derivative (¥,qw)(x) is precisely F’(0), and we have 
, d * 
r= a a(x), E1() x +++ x Sr(x) ). 


To compute F’(¢) we use the rule for the derivative of a product, and get 


F(t) = 
<a’ (a(t, x))Dya(t, x), Delt, x)Ei(x) x +++ x Dealt, x)Er(x)> + 


y <a(a(t, x)), Dealt, x)E1(x) x +++ x DiDeoalt, x)es(a) x +++ x Dealt, 2)Cr(x)>. 
i=1 
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Putting ¢ = 0 and using the differential equation satisfied by Doa(t, x), we 
get precisely the local expression as stated in the proposition. Remember 
the initial condition Dex(0, x) = id. 


Proposition 10. As a map on differential forms, the Lie derivative satisfies 
the following properties. 


LIE]. Y, = doC, + Czod. 
LIE2. (Zor p= LanW+ on Ly. 


Proof. Let &1,...,&- be vector fields, and @ an r-form. Using the 
definition of the contraction and the local formula of Proposition 5, we find 
that C, dq is given locally by 


(Og den(a), Exla) x +++ x Erla)> = Ceol (a)Ela), Exla) x +++ x Exle)> 
+ Y (=D ted, Ee) x Sale) x ++ xe Bele) x ++ x Ela). 


On the other hand, dC',@ is given by 


(dC (2), C(x) x ++" X Sr(x)) 
— 


(= 1)" *C(C go) (wee )Eile) <--> x Gele) x +> Kae). 


1 


I 
1M- 


To compute (C.@)'(x) is easy, going back to the definition of the derivative. 
At vectors v1,..., ¥r_1, the form C'-c(x) has the value 


{a(x), €(t) X v1 X +++ X Up_1). 


Differentiating this last expression with respect to x and evaluating at a 
vector h we get 


Co'(x)h, C(@) xX v1 X °° X U_1> + (a(x), E'(a)h xX v1 xX °° & Up_1). 


Hence <dC a(x), €1(%) x +++ x &;(x)> is equal to 


ea 


Dy (—1)'**{a'(x)Si(x), E(x) x E(x) x +++ x E(x) x +++ x E(x) 


a 


oe 1)'*1¢e(a), E(w) E(x) x Ex(a) x +++ x E(t) x +++ x E(a)). 


Shifting ¢’(«)¢i(x) to the ¢th place in the second sum contributes a sign of 
(—1)'~1 which gives 1 when multiplied by (—1)'+1. Adding the two local 
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representations for dC, and C,dw, we find precisely the expression of 
Proposition 9, thus proving LIE 1. 

As for LIE 2, it consists in using the multiplication rule for d and Cz in 
Proposition 6, EXD 1, and CON 3. The corresponding rule for £. follows at 
once. (Terms will cancel just the right way.) 

In the two preceding propositions, we deal with a time-independent vector 
field. It is occasionally useful to deal with a time-dependent vector field. 
Furthermore, the expression for the derivative F’(t) in Proposition 9, 
together with property LIE 1, are actually special cases of a more general 
formula as follows. 


Proposition 11. Let &; be a time-dependent vector field, « its flow, and let 
w be a differential form. Then 


d 
a (aj'w) = of (do O,w + CO, odw) = af (La). 
Proof. The proof follows the same lines as before. 


We note that Proposition 10 is actually a corollary of Proposition 11, 
by putting f = 0 and observing that af = id. 


§7. Darboux theorem 


Let E be a Banach space and let 
o:Ex E-R 
be a continuous bilinear map. Then q@ induces a continuous linear map 
Ao =A: E— E* 
which to each v € E associates the functional A(v) such that 
A(v)(w) = av, w). 


We have a similar map on the other side. If both these mappings are top- 
linear isomorphisms of E and E* then we say that q is non-singular. If such 
a non-singular form exists, then we say that E is self-dual. For instance, 
a Hilbert space is self-dual. 

If E is finite dimensional, it suffices for a bilinear form to be non-singular 
that its kernels on the right and on the left be 0. (The kernels are the kernels 
of the associated maps 1 as above.) However, in the infinite dimensional 
case, this condition on the kernels is not sufficient any more. 
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If E = R” then the usual scalar product establishes the self-duality of 
R”. This self-duality arises from other forms, and in this section we are 
especially interested in the self-duality arising from alternating forms. 
If E is finite dimensional and @ is an element of L?(E), that is an alternating 
2-form, which is non-singular, then one sees easily that the dimension of 
KE is even. 


Example. An example of such a form on R”” is the following. Let 


UC SSNO), «.-; VERS eos SUD 


1 =" (Witeg:. - ERERIO 8 ee 


be elements of R®”, with components 1, v;, wi, w;. Letting 


(vjw, — vjwi) 
1 


av, w) = 


Ms 


defines a non-singular 2-form w on R”. It is an exercise of linear algebra 
to prove that any non-singular 2-form on R” is linearly isomorphic to this 
particular one in the following sense. If 


f:zE-oF 


is a linear isomorphism between two finite dimensional spaces, then it induces 
an isomorphism 


f*: LF) > LEB). 
We call forms w on E and on F linearly isomorphic if there exists a linear 
isomorphism f such that f*y = w. Thus up to a linear isomorphism, there 
is only one non-singular 2-form on R®”. (For a proof, ef. for instance my 
book Algebra.) 


We are interested in the same question on a manifold locally. Let U be 
open in the Banach space E and let 7) e U. A 2-form 


@: U > DE) 


is said to be non-singular if each form @(zx) is non-singular. If € is a vector 
field on U, then €_| @ = wo € is a 1-form, whose value at (z, w) is given 


(wo €)(x)(w) = w(x)(E(x), w). 


Proposition 12. Let w be a non-singular 2-form on an open set U in E. 
The association 


Cre @o€ 
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is a linear isomorphism between the space of vector fields on U and the space 
of 1-forms on U. 


Proof. Let (v, w) ++ <v, w> be a fixed non-singular continuous bilinear 
form on E. For each x € U there exists a unique linear map 


A; E> E 
such that 
@(x)(v, w) = <Azv, wv), 


and it is immediately verified that A, is in fact continuous. Since w(z) is 
assumed non-singular, it follows that A, is a toplinear isomorphism. The 
map 


rrr Ay 


is therefore seen to be a morphism of U into Laut (E). 


If 6 is a 1-form on U, then for each x there exists an element n(x) € E 
such that 


O(x)(w) = <n(zx), w), all we E, 


and it is immediately seen that 4: U ~ E is a morphism (composition of 
the map 


6:U + E* 


and the toplinear isomorphism between E* and E given by the non-singular 
form <,>.) By the non-singularity of w(x), there exists an element ¢(x) € E 
such that 


co(x)(E(x), w) = O(x)(w) = <n(x), w), all we E. 
We see that 
E(x) = Az in(z), 
whence € is also a morphism. Thus the map 
Che ameol 


is a surjective linear map from the space of vector fields to the space of 
1-forms, and it is obviously injective, thus proving our proposition. 


Let 
wo: U -» LU) 
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be a 2-form on an open set U in E. If there exists a local isomorphism f at 
a point rp € U, say 

pea Va; 
and a 2-form w on V, such that f*y = @ (or more accurately, @ restricted 
to U,), then we say that q is locally isomorphic to y at 29. Observe that in 


the case of an isomorphism we can take a direct image of forms, and we shall 
also write 


feo = 


instead of w = f*y. In other words, f, = (f~1)*. 


Example. On R?”" we have the constant form of the previous example. 
In terms of local coordinates (x1,...,%n;Y1,---; Yn), this form has the 
local expression 


n 
w(x, y) = pas: A dy. 
= 


This 2-form will be called the standard 2-form on R2”. 


The Darboux theorem states that any non-singular closed 2-form in 
R”” is locally isomorphic to the standard form, that is that in a suitable 
chart at a point, it has the standard expression of the above example. A 
technique to show that certain forms are isomorphic was used by Moser 
[20], who pointed out that his arguments also prove the classical Darboux 
theorem. Alan Weinstein observed that the proof applies to the infinite 
dimensional case, whose statement is as follows. 


Darboux theorem. Let E be a self-dual Banach space. Let 
w: U + LE) 


be a non-singular closed 2-form on an open set of E, and let x» Ee U. Then 
w 1s locally isomorphic at x9 to the constant form oxo). 


Proof. Let @o = (xo), and let 
Or = Wo + H@ — wo), O<si<l. 


We wish to find a time-dependent vector field €; locally at 0 such that if « 
denotes its flow, then 


ao, = Wo. 
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Then the local isomorphism « satisfies the requirements of the theorem. 
By the Poincaré lemma, there exists a 1-form @ locally at 0 such that 


@ — Wo = dé, 


and without loss of generality, we may assume that 6(79) = 0. We contend 
that the time-dependent vector field €;, such that 


wt o &: = — 86, 


has the desired property. Let « be its flow. If we shrink the domain of the 
vector field near xo sufficiently, and use the fact that @(79) = 0, then we 
can use the local existence theorem (Proposition 1 of Chapter IV, §1) to 
see that the flow can be integrated at least to t = 1 for all points x in this 
small domain. We shall now verify that 


ds 
— (a,@z) = 0. 
a é 


This will prove that «aw; is constant. Since we have aj@o = wo because 
Ose) =a and Doa(0, x) = id, 
it will conclude the proof of the theorem. 
We compute locally. We use the local formula of Proposition 11, §6, 
and formula LIE 1. which reduces to 


LO = d(az o €:), 


because dw; = 0. We find 


d d 
i ee ope=— af (5 wx) + of ( L,,a4) 


a (¢ wm: + d(ayo én) 


af(w@ — wo — dé) 


= 0. 


This proves Darboux’s theorem. 


Remark 1. The proof of the Poincaré lemma can also be cast in the above 
style. For instance, let $,(%) = tx be a retraction of an open set around 0. 


134 OPERATIONS ON VECTOR FIELDS AND DIFFERENTIAL FORMS _ [V, 7] 
Let é, be the vector field whose flow is ¢,, and let w be a closed form. Then 
d 
Since ¢jw = 0 and ¢; is the identity, we see that 
* * t d * 4 
wo = 6,0 — do = { — ¢, 0 dt = a| pp Cz, dt 
o dt 0 


is exact. 


Remark 2. A manifold with a nonsingular closed 2-form is sometimes 
called a symplectic manifold. Such manifolds occur a lot in mechanics. 


CHAPTER VI 


The Theorem of Frobenius 


Having acquired the language of vector fields, we return to differential 
equations and give a generalization of the local existence theorem known 
as the Frobenius theorem, whose proof will be reduced to the standard 
case discussed in Chapter IV. We state the theorem in §1. The reader 
should note that he needs only to know the definition of the bracket of two 
vector fields in order to understand the proof. It is convenient to insert also 
a formulation in terms of differential forms, for which the reader needs to 
know the local definition of the exterior derivative. However, the condition 
involving differential forms is proved to be equivalent to the vector field 
condition at the very beginning, and does not reappear explicitly afterwards. 

We shall follow essentially the proof given by Dieudonné in his Foundations 
of Modern Analysis, allowing for the fact that we use freely the geometric 
language of vector bundles, which is easier to grasp. 

It is convenient to recall in §2 the statements concerning the existence 
theorems for differential equations depending on parameters. The proof of 
the Frobenius theorem proper is given in §3. An important application to 
Lie groups is given in §5, after formulating the theorem globally. 

The present chapter is logically independent of the next one on Riemannian 
metrics. 


§1. Statement of the theorem 


Let X be a manifold of class C? (p = 2). A subbundle £ of its tangent 
bundle will also be called a tangent subbundle over X. We contend that the 
following two conditions concerning such a subbundle are equivalent. 


FR 1. For each point z € X and vector fields E,n at z (t.e. defined on an 
open neighborhood of z) which lie in E (1.e. such that the image of 
each point of X under €, n lies in E), the bracket [€, n] also lies in E. 


FR 2. For each point z ¢ X and differential form w of degree 1 at z which 
vanishes on E, the form dw vanishes on € x ny whenever €,n are 
two vector fields at z which lie in E. 
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The equivalence is essentially a triviality. Indeed, assume FR 1. Let 
w vanish on HE. Then 


(do,é x n> = —COr[e, n> 4, Ca 


By assumption the right-hand side is 0 when evaluated at z. Conversely, 
assume FR 2. Let &,7 be two vector fields at z lying in #. If [€, 4](z) 1s 
not in E, then we see immediately from a local product representation and. 
the Hahn-Banach theorem that there exists a differential form @ of degree 
1 defined on a neighborhood of z which is 0 on EF, and non-zero on [€, y](z2), 
thereby contradicting the above formula. 


We shall now give a third condition equivalent to the above two, and 
actually, we shall not refer to FR 2 any more. We remark merely that in 
the finite dimensional case, it is easy to prove that when a differential form 
w satisfies condition FR 2, then dw can be expressed locally in a neighbor- 
hood of each point as a finite sum 


do=)y A wi 


where y; and qw; are of degree 1 and each a; vanishes on LE. We leave this 
as an exercise to the reader. 


Let E be a tangent subbundle over X. We shall say that E is integrable 
at a point x if there exists a submanifold Y of X containing xo such that 
the tangent map of the inclusion 


JY AX 


induces a VB-isomorphism of 7'Y with the subbundle Z. Equivalently, we 
could say that for each point y € Y, the tangent map 


Tyj:TyY > TyX 


induces a toplinear isomorphism of 7',Y on Ey. Note that our condition 
defining integrability is local at x. We say that £ is integrable if it is 
integrable at every point. 

Using the functoriality of vector fields, and their relations under tangent 
maps and the bracket product, we see at once that if E is integrable, then 
it satisfies FR 1. Indeed, locally, vector fields having their values in E are 
related to vector fields over Y under the inclusion mapping. 

Frobenius’ theorem asserts the converse. 


Theorem 1. Let X be a mantfold of class C? (p = 2) and let E be a tangent 
subbundle over X. Then E is integrable if and only if E satisfies condition 
FR 1. 
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The proof of Frobenius’ theorem will be carried out by analyzing the 
situation locally and reducing it to the standard theorem for ordinary dif- 
ferential equations. Thus we now analyze the condition FR 1 in terms of 
its local representation. 

Suppose that we work locally, over a product U x V of open subsets of 
Banach spaces E and F. Then the tangent bundle T7(U x V) can be written 
in a natural way as a direct sum. Indeed, for each point (x, y) in U x V 
we have 


Taw x Vy =TA0) x TV). 


One sees at once that the collection of fibers 7',(U) x 0 (contained in 
T,(U) x T,(V)) forms a subbundle which will be denoted by 71(U x V) 
and will be called the first factor of the tangent bundle. One could define 
T2(U x V) similarly, and 


T(U x V) = 7\(U x V) @ T2(U x V). 


A subbundle # of 7(X) is integrable at a point z e X if and only if there 
exists an open neighborhood W of z and an isomorphism 


g:UxV>oW 
of a product onto W such that the composition of maps 
T,(U x V) 2% TU x V) —% T(W) 


induces a VB-isomorphism of T,;(U x V) onto E'| W (over g). Denoting 
by gy the map of U into W given by @,(x) = (x, y), we can also express 
the integrability condition by saying that 7',p, should induce a toplinear 
isomorphism of E onto E,,,,, for all (x,y) in U x V. We note that in 
terms of our local product structure, 7',@y is nothing but the partial deriva- 
tive Di¢(z, y). 

Given a subbundle of 7(X), and a point in the base space X, we know 
from the definition of a subbundle in terms of a local product decomposition 
that we can find a product decomposition of an open neighborhood of this 
point, say U x V, such that the point has coordinates (x9, yo) and such 
that the subbundle can be written in the form of an exact sequence 


(Eom. Poko voy KE Xx F 


with the map 
f (xo; Yo): E >ExF 
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equal to the canonical embedding of E on E x 0. For a point (z, y) in 
U x V the map f(x,y) has two components fi(x, y) and fo(z, y) into E 
and F respectively. Taking a suitable VB-automorphism of U x V x E 
if necessary, we may assume without loss of generality that fi(z, y) is the 
identity. We now write f(x, y) = fo(z, y). Then 


fiU x V > LE, F) 


is a morphism (of class C?~*) which describes our subbundle completely. 
We shall interpret condition FR 1 in terms of the present situation. If 


€é:U x VaExF 


is the local representation of a vector field over U x V, we let €; and €2 be 
its projections on E and F respectively. Then é lies in the image of f if 
and only if 


Ca(x, y) = f(x, y)Ei(z, y) 


for all (x, y) in U x V, or in other words, if and only if € is of the form 


E(x, y) = (C1(a, y), f(a, yeaa, y)) 
for some morphism (of class C?~') 
&:U x VokE. 


We shall also write the above condition symbolically, namely 


€ = (61, f - 4): (1) 


If , are the local representations of vector fields over U x V, then the 
reader will verify at once from the local definition of the bracket (Proposition 
3 of Chapter V, §1) that [€, 7] lies in the image of f if and only if 


Df (x, y)* E(x, y)*mi(x, y) = Df (x, y)+ (x, y) > Ex(x, y) 


or symbolically, 
Df-o-m1 = Df +n: er. (2) 


We have now expressed all the hypotheses of Theorem 1 in terms of local 
data, and the heart of the proof will consist in proving the following result. 


Theorem 2, Let U, V be open subsets of Banach spaces E, F respectively. 
_ Let 


fiUx Vo EF) 
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be a C’-morphism (r = 1). Assume that if 
€i4,m:UxV—-E 


are two morphisms, and if we let 


C= (E1,f°d1) and mn = (m, f+) 


then relation (2) above is satisfied. Let (xo, yo) be a point of U x V. Then 
there exist open neighborhoods Uo, Vo of xo, yo respectively, contained in 
U, V, and a unique morphism a: Up x Vo > V such that 


Dya(z, y) = f(z, ona, y)) 
and a(xo, y) = y for all (x, y) in Up x Vo. 


We shall prove Theorem 2 in §3. We now indicate how Theorem 1 follows 
from it. We denote by ay the map a,(z) = a(x, y), viewed as a map of 
Uo into V. Then our differential equation can be written 


Day(x) = f (a, ay(z)). 
We let 
g:U9 x Vor Ux V 


be the map (x, y) = (2, ay(x)). It is obvious that Dey(zo, yo) is a toplinear 
isomorphism, so that @ is a local isomorphism at (29, yo). Furthermore, 
for (u,v) € E x F we have 


Die(«, y) : (u, v) = (u, Dey (2) q u) iz (u, f(z, ay(2)) , u) 


which shows that our subbundle is integrable. 


§2. Differential equations depending on a parameter 


Proposition 1. Let U, V be open sets in Banach spaces E, F respectively. 
Let J be an open interval of R containing 0, and let 


giJxUxV-F 


be a morphism of class C’ (r = 1). Let (xo, yo) be a point in U x V. Then 
there exist open balls Jo, Uo, Vo centered at 0, xo, yo and contained J, U, V 
respectively, and a unique morphism of class C" 


B: Jo x Uo Xx Voo V 
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such that B(0, x, y) = y and 
Dy, Beet, x, y) = g(t, x, Bit, x, y)) 
for all (t,x, y)e€Jo x Uo x Vo. 


Proof. This follows from the existence and uniqueness of local flows, by 
considering the ordinary vector field on U x V 


G:JxUxV—-ExXxF 


given by G(t, z,y) = (0, g(t, x, y)). If Bit, x, y) is the local flow for G, then 
we let B(t, x, y) be the projection on the second factor of B(t, x,y). The 
reader will verify at once that f satisfies the desired conditions. The unique- 
ness is clear. 

Let us keep the initial condition y fixed, and write 


Bet, “) = Bit, x, y). 


From Chapter IV, §1 we obtain also the differential equation satisfied by B in 
its second variable: 


Proposition 2. Let the notation be as in Proposition 1, and with y fixed, 
let P(t, x) = Blt, x, y). Then DoBit, x) satisfies the differential equation 


Di Dot, z)-v = Dag(t, x, Blt, x))-v + Dag(t, x, Blt, x))+ DeB(t, x) - v, 
for every ve E. 


Proof. Here again, we consider the vector field as in the proof of Prop- 
osition 1, and apply the formula for the differential equation satisfied by 
D,f as in Chapter IV, §1. 


§3. Proof of the theorem 


In the application of Proposition 1 to the proof of Theorem 2, we take 
our morphism g to be 


g(t, 2, y) = f(to + tz, y)-z 


with z in a small ball Ep around the origin in E, and y in V. It is convenient 
to make a translation, and without loss of generality we can assume that 
xo = 0 and yo = 0. From Proposition 1 we then obtain 


B: Jo x Eo x Vo> V 
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with initial condition B(0, z, y) = y for all z € Eo, satisfying the differential 
equation 


Di Bit, z, y) = f(tz, Blt, z, y))°z. 


Making a change of variables of type t = as and z = a1 for a small 
positive number a, we see at once that we may assume that Jo contains 1, 
provided we take Ep sufficiently small. As we shall keep y fixed from now 
on, we omit it from the notation, and write A(t, z) instead of B(t, z, y). Then 
our differential equation is 


DyBtt, 2) = f(tz, Blt, 2))+2. (3) 


We observe that if we knew the existence of « in the statement of Theorem 
2, then letting P(t, z) = a(xo + fz) would yield a solution of our differential 
equation. Thus the uniqueness of « follows. To prove its existence, we 
start with 8 and contend that the map 


a(x) = B(1, x) 


has the required properties for small |z|._ To prove our contention it will 
suffice to prove that 


DoBit, Z)= tf (tz, Bit, z)) (4) 


because if that relation holds, then 


Dae yeep leer) = flaeale ce) — faa) 


which is precisely what we want. 
From Proposition 2, we obtain for any vector v € E, 


D1 Deft, z)-v = tDif(tz, Blt, 2))- 0-2 
+ Dof(tz, Bt, z))* Dott, 2): v-2 + f(tz, Bi, 2))-e 


We now let k(t) = DoB(t,z)-v — tf (tz, B(t,z)):v. Then one sees at once 
that (0) = 0 and we contend that 


Dk(t) = Dof(tz, Blt, z)) + k(t) «z. (5) 


We use the main hypothesis of our theorem, namely relation (2), in which 
we take €; and nj, to be the fields v and z respectively. We compute Df 
using the formula for the partial derivatives, and apply it to this special 
case. Then (5) follows immediately. It is a linear differential equation 
satisfied by &(t), and by Corollary 2 of Proposition 2 of Chapter IV, §1 we 
know that the solution 0 is the unique solution. Thus k(t) = 0 and relation 
(4) is proved. The theorem also. 
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§4. The global formulation 


Let X be a manifold. Let F be a tangent subbundle. By an integral 
manifold for F, we shall mean an injective immersion 


f:Y¥ 7x 
such that at every point y € Y, the tangent map 


induces a toplinear isomorphism of 7',Y on the subspace Fy, of T'pX. 
Thus 7'f induces locally an isomorphism of the tangent bundle of Y with the 
bundle F over f(Y). 

Observe that the image f(Y) itself may not be a submanifold of X. For 
instance, if / has dimension | (i.e. the fibers of F have dimension 1), an 
integral manifold for F is nothing but an integral curve from the theory of 
differential equations, and this curve may wind around X in such a way that 
its image is dense. A special case of this occurs if we consider the torus as 
the quotient of the plane by the subgroup generated by the two unit vectors. 
A straight line with irrational slope in the plane gets mapped on a dense 
integral curve on the torus. 

If Y is a submanifold of X, then of course the inclusion 7: Y + X is an 
injective immersion, and in this case, the condition that it be an integral 
manifold for F simply means that 7(Y) = F | Y (F restricted to Y). 

We now have the local uniqueness of integral manifolds, corresponding 
to the local uniqueness of integral curves. 


Theorem 3. Let Y, Z be integral submanifolds of X for the subbundle F 
of TX, passing through a point x. Then there exists an open neighborhood 
U of xo in X, such that 
aml = “iam ee 
Proof. Let U be an open neighborhood of xg in X such that we have a chart 
U>+Vx W 
with 
vo > (Yo; Wo), 


and Y corresponds to all points (y, wo), y € V. In other words, Y corresponds 
to a factor in the product in the chart. If V is open in F, and W open in 
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F,, with F, x F, = E, then the subbundle F is represented by the pro- 
jection 


Vx Wx F, 


| 


Vx W 


Shrinking Z, we may assume that Z c U. Let h:Z—>V x W be the 
restriction of the chart to Z, and let h = (hi, he) be represented by its two 
components. By assumption, h'(x) maps E into F, for every xe Z. Hence 
he is constant, so that h(Z) is contained in the factor V x {wo}. It follows 
at once that h(Z) = V; x {wo} for some open V, in V, and we can shrink 
U to a product V; x W, (where W;, is a small open set in W containing 
wo) to conclude the proof. 


We wish to get a maximal connected integral manifold for an integrable 
subbundle F of 7X passing through a given point, just as we obtained a 
maximal integral curve. For this, it is just as easy to deal with the non- 
connected case, following Chevalley’s treatment in his book on Ive Groups. 
(Note the historical curiosity that vector bundles were invented about a 
year after Chevalley published his book, so that the language of vector 
bundles, or the tangent bundle, is absent from Chevalley’s presentation. 
In fact, Chevalley had to use a terminology which now appears terribly 
confusing for the notion of a tangent subbundle, and it will not be repeated 
here!) 

We give a new manifold structure to X, depending on the integrable 
tangent subbundle F, and the manifold thus obtained will be denoted by 
Xp. This manifold has the same set of points as X. Let xe X. We know 
from the local uniqueness theorem that a submanifold Y of X which is at 
the same time an integral manifold for F is locally uniquely determined. 
A chart for this submanifold locally at x is taken to be a chart for Xp. It 
is immediately verified that the collection of such charts is an atlas, which 
defines our manifold Xr. (We lose one order of differentiability.) The 


identity mapping 
j 4 fab oe ».4 


is then obviously an injective immersion, satisfying the following universal 
properties. 


Theorem 4. Let F be an integrable tangent subbundle over X. If 


f:Y wax 
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is a morphism such that Tf: TY + TX maps TY into F, then the induced 
map 
fr: Ys XE F 


(same values as f but viewed as a map into the new manifold X p) is also a 
morphism. Furthermore, if f is an injective immersion, then fr induces an 
isomorphism of Y onto an open subset of X r. 


Proof. Using the local product structure as in the proof of the local 
uniqueness Theorem 3, we see at once that fy is a morphism. In other words, 
locally, f maps a neighborhood of each point of Y into a submanifold of X 
which is tangent to F. If in addition f is an injective immersion, then from 
the definition of the charts on Xp, we see that fr maps Y bijectively onto 
an open subset of X, and is a local isomorphism at each point. Hence fr 
induces an isomorphism of Y with an open subset of X 7, as was to be shown. 


Corollary. Let Xp(xo) be the connected component of Xr containing a 
point xo. If f: Y + X is an integral manifold for F passing through x0, 
and Y is connected, then there exists a unique morphism h: Y > X p(x0) 
making the following diagram commutative, 


Y= on) 


\ 1) 


and h induces an isomorphism of Y onto an open subset of X p(x0). 

Proof. Clear from the preceding discussion. 

Note the general functorial behavior of the integral manifold. If 
g: X — X’ 


is an isomorphism, and F is an integrable tangent subbundle over X, then 
F’ = (19)(F) = g,¥ is an integrable bundle over X’. Then the following 
diagram is commutative. 


g 
XP —, X' p, 


1h 


A eee 


The map gr is, of course, the map having the same values as g, but viewed 
as a map on the manifold X p. 
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§5. Lie groups and subgroups 

It is not our purpose here to delve extensively into Lie groups, but to lay 
the groundwork for their theory. For more results, we refer the reader to 
texts on Lie groups, differential geometry, and also to the paper by W. 
Graeub, “‘Liesche Gruppen und affin zusammenhangende Mannigfaltig- 
keiten,” Acta Mathematica, 1961, pp. 65-111. Although seemingly written 
to apply only to the finite dimensional case, this paper holds essentially in 
its entirety for the Banach case (and Hilbert case when dealing with 
Riemannian metrics), and is written on foundations corresponding to those 
of the present book. 

By a group manifold, or a Lie group G, we mean a manifold with a group 
structure, that is a law of composition and inverse, 


e:G x°G=> @ and GHG 
which are morphisms. Thus each z € G gives rise to a left translation 
vU:G39G 


such that t*(y) = zy. 

When dealing with groups, we shall have to distinguish between iso- 
morphisms in the category of manifolds, and isomorphisms in the category 
of group manifolds, which are also group homomorphisms. Thus we shall 
use prefixes, and speak of group manifold isomorphism, or manifold iso- 
morphism as the case may be. We abbreviate these by GM-isomorphism 
or M-isomorphism. We see that left translation is an M-isomorphism, but 
not a GM-isomorphism. 

Let e denote the origin (unit element) of G. If v € T.G is a tangent vector 
at the origin, then we can translate it, and we obtain a map 


(x, v) > tev = Co(x) 
which is easily verified to be a VB-isomorphism 
Gx TGoTG 


from the product bundle to the tangent bundle of G. This is done at once 
using charts. Recall that 7G can be viewed as a Banachable space, using 
any local trivialization of G at e to get a toplinear isomorphism of 7G 
with the standard Banachable space on which G is modelled. Thus we see 
that the tangent bundle of a Lie group is trivializable. 

A vector field ¢ over G is called left invariant if t3¢ = ¢€ for all xe G. 
Note that the map 


xt» €y(Z) 
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described above is a left invariant vector field, and that the association 
vb» &y 


obviously establishes a linear isomorphism between 7',G and the vector 
space of left invariant vector fields on G. The space of such vector fields 
will be denoted by g or I(@), and will be called the Lie algebra of G, because 
of the following result. 


Proposition 3. Let €, 1 be left invariant vector fields on G. Then [€, n] 1s 
also left invariant. 


Proof. This follows from the general functorial formula 
THLE, 9] = (tHe, ten] = [C, 1]. 


Under the linear isomorphism of 7G with I(@), we can view I(G@) as a 
Banachable space. By a Lie subalgebra of I(G) we shall mean a closed sub- 
space f which splits, and having the property that if €, 1 € h, then [€, 4] € 5 
also. 


Note: In the finite dimensional case, every subspace is closed and splits, 
so that only this last condition about the bracket product need be men- 
tioned explicitly. 


Let G, H be Lie groups. A map 
f:H-G 


will be called a homomorphism if it is a group homomorphism and a mor- 
phism in the category of manifolds. Such a homomorphism induces a con- 
tinuous linear map 


Tef = fa: TH > TG, 
and it is clear that it also induces a corresponding linear map 
I(H) > 1(@), 


also denoted by f,. Namely, if ve T7.H and €, is the left invariant vector 
field on H induced by », then 


fxov = Chu 


The general functorial property of related vector fields applies to this case 
and shows that the induced map ) 


fa: UH) > 1G) 
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is also a Lie algebra homomorphism, namely for ¢, 7 € I(H) we have 


flS, 1] = (fad, fat]. 


Now suppose that the homomorphism f: H > G is also an immersion at 
the origin of H. Then by translation, one sees that it is an immersion at 
every point. If in addition it is an injective immersion, then we shall say 
that f is a Lie subgroup of G. We see that in this case, f induces a splitting 
injection 


fx: (H) > 1(G). 


The image of I(H) in I(G) is a Lie subalgebra of I(G). 
In general, let h be a Lie subalgebra of I(@) and let F, be the corresponding 
subspace of 7G. For each x € G, let 


ie = Gale: 


Then F'; is a split subspace of 7G, and using local charts, it is clear that 
the collection F = {Fz} is a subbundle of TG, which is left invariant. 
Furthermore, if 


f:H~G 


is a homomorphism which is an injective immersion, and if is the image of 
I(H), then we also see that f is an integral manifold for the subbundle F. 
We shall now see that the converse holds, using Frobenius’ theorem. 


Theorem 5. Let G be a Lie group, h a Lie subalgebra of I(G), and let F 
be the corresponding left invariant subbundle of TG. Then F 1s integrable. 


Proof. I owe the proof to Alan Weinstein. It is based on the following 
lemma. 


Lemma. Let X be a manifold, let &,n be vector fields at a point x9, and 
let F be a subbundle of TX. If &(xo) = 0 and € is contained in F, then 
[¢, n](xo) € F. 


Proof. We can deal with the local representations, such that X 
is open in E, and F corresponds to a factor, that is 


U 


| 


TX =~Ux F, x Fe and F=U x Fy. 


We may also assume without loss of generality that 79 = 0. Then ¢(0) = 0, 
and ¢: U — F, may be viewed as a map into F}. We may write 


C(c) = Ae, 
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with a morphism A: U > L(E, F,). Indeed, 


E(x) = ( E"(tx) dt - x, 
0 
and A(x) = prio I. €'(t) dt, where pr, is the projection on F;. Then 
0 
[o, m](~) = n’(x)e(x) — C'(x)n(z) 
= n'(a)A(x)e — A(x) + n(x) — A(x) - (2), 
whence 
[¢, m](0) = A(O)n(0). 


Since A(0) maps E into F,, we have proved our lemma. 


Back to the proof of the proposition. Let &, 7 be vector fields at a point 
Xo in G, both contained in the invariant subbundle F. There exist invariant 
vector fields 9 and yo at x9 such that 


(to) = Colo) and (xo) = no(%o). 
Let 
&:=€—& and m= — no. 


Then €1, 41 vanish at 7 and lie in F. We get: 
[én] = ¥ (én. 
43 


The proposition now follows at once from the lemma. 


Theorem 6. Let G be a Lie group, let h be a Lie subalgebra of I(G), and 
let F be its assocrated invariant subbundle. Let 


jf OG 


be the maximal connected integral manifold of F passing through e. Then 
H is a subgroup of G, andj: H > Gis a Lie subgroup of G. The association 
between and j: H — G establishes a bijection between Lie subalgebras of 
I(G) and Lie subgroups of G. 


Proof. Let x¢€ H. The M-isomorphism 1” induces a VB-isomorphism of 
F onto itself, in other words, F is invariant under t,: Furthermore, since 
H passes through e, and ze lies in H, it follows that j: H > G is also the 
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maximal connected integral manifold of F passing through x. Hence x maps 
H onto itself. From this we conclude that if y €¢ H, then zy € H, and there 
exists some y € H such that zy = e, whence x 'e H. Hence H is a sub- 
group. The other assertions are then clear. 


If H is a Lie subgroup of G, belonging to the Lie algebra , and F is the 
associated integrable left invariant tangent subbundle, then the integral 
manifold for F passing through a given point 2 is simply the translation xH, 
as one sees from first functorial principles. 

When g is 1-dimensional, then it is easy to see that the Lie subgroup is 
in fact a homomorphic image of an integral curve 


a: ROG 


which is a homomorphism, and such that «'(0) = v is any vector in 7G 
which is the value at e of a non-zero element of h. Changing this vector 
merely reparametrizes the curve. The integral curve may coincide with the 
subgroup, or it comes back on itself, and then the subgroup is essentially a 
circle. Thus the integral curve need not be equal to the subgroup. However, 
locally near ¢ = 0, they do coincide. Such an integral curve is called a 
one-parameter subgroup of G. 

Using Theorem 1 of Chapter V, §1, it is then easy to see that if the Lie 
algebra of a connected Lie group G is commutative, then G itself is com- 
mutative. One first proves this for elements in a neighborhood of the origin, 
using 1-parameter subgroups, and then one gets the statement globally by 
expressing G as a union of products 


UU::--U, 


where U is a symmetric connected open neighborhood of the unit element. 
All of these statements are easy to prove, and belong to the first chapter of 
a book on Lie groups. Our purpose here is merely to lay the general founda- 
tions essentially belonging to general manifold theory. 

Warning. The group of differential automorphisms of a finite dimensional 
manifold is “‘infiinte dimensional’? but usually not a Lie group, because 
multiplication is usually continuous only in each variable separately. For 
an analysis of this, also in the context of H’ (Sobolev) spaces, cf. Ebin 
and Marsden [7]. 


CHAPTER VII 


Riemannian Metrics 


In our discussion of vector bundles, we put no greater structure on the 
fibers than that of topological vector space (of the same category as those 
used to build up manifolds). One can strengthen the notion so as to include 
the metric structure, and we are thus led to consider Hilbert bundles, whose 
fibers are Hilbert spaces. 

Aside from the definitions, and basic properties, we deal with two special 
topics. On the one hand, we complete our uniqueness theorem on tubular 
neighborhoods by showing that when a Riemannian metric is given, a 
tubular neighborhood can be straightened out to a metric one. Secondly, 
we show how a Riemannian metric gives rise in a natural way to a spray, 
and thus how one recovers goedesics. The fundamental 2-form is used to 
identify the vector fields and 1-forms on the tangent bundle, identified with 
the cotangent bundle by the Riemannian metric. 

We assume throughout that our manifolds are Hausdorff and are suf- 
ficiently differentiable so that all our statements make sense. (For instance, 
when dealing with sprays, we take p 2 3.) 

Of necessity, we shall use the standard spectral theorem for (bounded) 
symmetric operators. A self-contained treatment will be given in the 
appendix. 


§1. Definition and functoriality 


Let E be a Hilbertable vector space, that is a topological vector space 
which is complete, and whose topology can be defined by the norm associated 
with a bilinear form, which is symmetric and positive definite. All facts 
needed in the sequel concerning Hilbert spaces can be found in the Appendix. 

We consider L?(E), the set of continuous bilinear forms 


A:E x E> R 


which are symmetric. If 2 is fixed in E, then the continuous linear form 
Acly) = A(x, y) is given by an element of E which we denote by Az, where 
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A is a continuous linear map of E into itself. The symmetry of A implies 
that A is symmetric, that is we have 


(Ax, y> = <a, Ay) 


for all x,y¢E. Conversely, given a symmetric continuous linear map 
A:E — E we can define a continuous bilinear form on E by this formula. 
Thus L7(E) is in bijection with the set of such operators, and is itself a 
Banach space, the norm being the usual operator norm. 

The subset of L?(E) consisting of those forms corresponding to symmetric 
positive definite operators (by definition such that A 2 ef for some ¢ > 0) 
will be called the Riemannian of E and be denoted by Ri(E). Forms 4 in 
Ri(E) are called positive definite. The associated operator A of such a form 
is invertible, because its spectrum does not contain 0 and the continuous 
function 1/t is invertible on the spectrum. 

In view of the operations on vector bundles (Chapter III, §4) we can 
apply the functor L? to any bundle whose fibers are Hilbertable spaces. 
If 2: FE > X is such a bundle, then we can form L?(z). A metric on 7 is 
then defined to be a section of L?(z). We know that the fiber of L?() at 
x is simply L?(zz), and hence this fiber contains Ri(zz). A metric g will be 
called a Riemannian metric if g(x) lies in Ri(zz) for each x in X, in other 
words, if g(x) is a bilinear, symmetric, positive definite form on zz. 

Observe that the sections of L?(z) form a vector space (abstract) but that 
the Riemannian metrics do not. They form a convex cone. Indeed, if 
a,b > 0 and gi, gz are two Riemannian metrics, then ag; + bg2 is also a 
Riemannian metric. 

Suppose we are given a VB-trivialisation of x over an open subset U of 


X, say 
t:2 (U)>Ux E. 


We can transport a given Riemannian metric g (or rather its restriction to 
nm ‘(U)) to U x E. In the local representation, this means that for each 
x € U we can identify g(x) with a symmetric positive definite operator A, 
giving rise to the metric. Furthermore, the map 


rreA, 


from U into the Banach space L(E, E) is a morphism. 

As a matter of notation, we sometimes write g, instead of g(x). Thus if 
v, w are two vectors in £z, then g;(v, w) is a number, and is more convenient 
to write than g(x)(v, w). We shall also write (v, w), if the metric g is fixed 
once for all. 
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Proposition 1. Let X be a manifold admitting partitions of unity. Let 
mn: HE — X be a vector bundle whose fibers are Hilbertable vector spaces. 
Then x admits a Riemannian metric. 


Proof. Find a partition of unity {U;, g;} such that x | U; is trivial, that 
is such that we have a trivialisation 


%: 10) > U;xE 


(working over a connected component of X, so that we may assume the 
fibers toplinearly isomorphic to a fixed Hilbert space E). We can then find 
a Riemannian metric on U; x Eina trivial way. By transport of structure, 
there exists a Riemannian metric g; on 2 | U; and we let g = ¥ gigi. Then 
g is a Riemannian metric on z. 


Let us investigate the functorial behavior of metrics. 
Consider a VB-morphism 


ER 


“| |= 


Om & 


with vector bundles £’ and E over X and Y respectively, whose fibers are 
Hilbertable spaces. Let g be a metric on z, so that for each y e Y we have 
a continuous, bilinear, symmetric map 


gly): Ey x Ey > R. 
Then the composite map 


E' 


x 


x Hi > Ey, x Ey >R 


with y = f(x) is a metric on EF; and one verifies immediately that it gives 
rise to a metric on the vector bundle x’, which will be denoted by f*(g). 
The vector space of metrics on z will be denoted by Met(z) and the Riemann- 
ian metrics on x will be denoted by Ri(z). Then f induces a map 


Met(f) = f*: Met(z) > Met(z’). 


Furthermore, if fz is injective and splits for each x in X, and g is a Riemannian 
metric, then obviously so is f*(g), and we can view f* as mapping Ri(z) 
into Ri(z’). 

Let X be a manifold modelled on a Hilbertable space and let 7(X) be its 
tangent bundle. By abuse of language, we call a metric on 7'(X) also a metric 
on X and write Met(X) instead of Met(7(X)). Similarly, we write Ri(X) 
instead of Ri(7(X)) 
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Let f: X + Y be an immersion. Then for each x € X, the linear map 
Taf: TX) > Tye(¥) 
is injective, and splits, and thus we obtain a contravariant map 
f*: Ri(Y) > Ri(X), 


each Riemannian metric on Y inducing a Riemannian metric on X (and 
of course each metric on Y induces a metric on X). 


§2. The Hilbert group 


Let E be a Hilbert space. The group of toplinear automorphisms Laut(E) 
contains the group Hilb(E) of Hilbert automorphisms, that is those top- 
linear automorphisms which preserve the inner product: 


CAV, Aw) = <u> 


for all v, we E. We note that A is Hilbertian if and only if A*A = J. 

As usual, we say that a linear continuous map A: E —> E is symmetric 
if A* = A and that it is skew symmetric if A* = —A. We have a direct 
sum decomposition of the Banach space L(E, E) in terms of the two closed 
subspaces of symmetric and skew-symmetric operators: 


A =}(A + A*) + HA — AY). 


We denote by Sym(E) and Sk(E) the Banach spaces of symmetric and 
skew-symmetric maps respectively. The word operator will always mean 
continuous linear map of E into itself. 


Proposition 2. For all operators A, the series 


A2 
exp(A) =] -- a + 5 JL 606 


converges. If A commutes with B, then 
exp(A + B) = exp (A) exp (B). 
For all operators sufficiently close to the identity I, the series 


7 = 72 
log() = F = Ee —) ee 
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converges, and if A commutes with B, then 
log(AB) = log(A) + log(B). 
Proof. Standard. 


We leave it as an exercise to the reader to show that the exponential 
function gives a C®-morphism of L(E, E) into itself. Similarly, a function 
admitting a development in power series say around 0 can be applied to 
the set of operators whose bound is smaller than the radius of convergence 
of the series, and gives a C®-morphism. 


Proposition 3. If A is symmetric (resp. skew-symmetric), then exp(A) is 
symmetric positive definite (resp. Hilbertian). If A is toplinear auto- 
morphism sufficiently close to I and is positive definite symmetric (resp. 
Hilbertian), then log(A) is symmetric (resp. skew-symmetric). 


Proof. The proofs are straightforward. As an example, let us carry out 
the proof of the last statement. Suppose A is Hilbertian and sufficiently 
close to J. Then A*A = I and A* = A™}. Then 


» _ (A* — 1) 
| 


= log(A7}). 


log(A) 


If A is close to I, so is A~+, so that these statements make sense. We now 
conclude by noting that log(A~?) = —log(A). All the other proofs are 
carried out in a similar fashion, taking a star operator in a series term by 
term, under conditions which insure convergence. 

The exponential and logarithm functicns give inverse C® mappings 
between neighborhoods of 0 in L(E, E) and neighborhoods of J in Laut(E). 
Furthermore, the direct sum decomposition of L(E, E) into symmetric and 
skew-symmetric subsvaces is reflected locally in a neighborhood of J by a 
C@” direct product decomposition into positive definite and Hilbertian 
automorphisms. This direct product decomposition can be translated 
multiplicatively to any toplinear automorphism, because if A € Laut(E) 
and B is close to A, then 


peada'P = dge (f= 4B) 
and (I — A~1B) is small. This proves: 


Proposition 4. The Hilbert group of automorphisms of E is a closed 
submanifold of Laut(F). 


In addition to this local result, we get a global one also: 
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Proposition 5. The exponential map gives a C®-isomorphism from the 
space Sym(E) of symmetric endomorphisms of E and the space Pos(E) of 
symmetric positive definite automorphisms of E. 


Proof. We must construct its inverse, and for this we use the spectral 
theorem. Given A, symmetric positive definite, the analytic function 
log ¢ is defined on the spectrum of A, and thus log A is symmetric. One 
verifies immediately that it is the inverse of the exponential function (which 
can be viewed in the same way). We can expand log ¢ around a large positive 
number c, in a power series uniformly and absolutely convergent in an 
interval 0 < ¢ < t < 2c — «é, to achieve our purposes. 


Proposition 6. The manifold of toplinear automorphisms of the Hilbert 
space E is C®-isomorphic to the product of the Hilbert automorphisms and 
the positive definite symmetric automorphisms, under the mapping 


Hilb(E) x Pos(E) > Laut(E) 
given by 
(H, P) > HP. 
Proof. Our map is induced by a continuous bilinear map of 
L(E, E) x L(E, E) 


into L(E, E) and so is C®. We must construct an inverse, or in other 
words express any given toplinear automorphism A in a unique way as a 
product A = HP where H is Hilbertian, P is symmetric positive definite, 
and both H, P depend C®” on A. This is done as follows. First we note that 
A*A is symmetric positive definite (because (<A*Av, v) = (Av, Av), and 
furthermore, A*A is a toplinear automorphism, so that 0 cannot be in its 
spectrum, and hence A*A > el > O since the spectrum is closed). We let 


P = (A*A)! 
and let H = AP}. Then A is Hilbertian, because 
H*H = (P-)*A4*AP™) = I. 


Both P and H depend differentiably on A since all constructions involved 
are differentiable. 

There remains to be shown that the expression as a product is unique. 
If A = H,P, where Hj, P, are Hilbertian and symmetric positive definite 
respectively, then 


HoH, = PP7}, 
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and we get Hz = PPj' for some Hilbertian automorphism Hp. By definition, 
T =e a PP eee 
and from the fact that P* = P and Pf = Py, we find 

Peeps, 


Taking the log, we find 2 log P = 2 log P;. We now divide by 2 and take 
the exponential, thus giving P = P and finally H = H,. This proves our 
proposition. 


§3. Reduction to the Hilbert group 


We define a new category of bundles, namely the Hilbert bundles over X, 
denoted by HB(X). As before, we would denote by HB(X, E) or HB(X, 2) 
those Hilbert bundles whose fiber is a Hilbert space E or lies in a category W. 

Let 2: H — X be a vector bundle over X, and assume that it has a 
trivialisation {(U;, t;)} with trivialising maps 


tim 1(U;4) = U; x E 


where E is a Hilbert space, such that each toplinear automorphism (tjt; +)z 
is a Hilbert automorphism. Equivalently, we could also say that tjz is a 
Hilbert isomorphism. Such a trivialisation will be called a Hilbert 
trivialisation. Two such trivialisations are called Hilbert-compatible if their 
union is again a Hilbert trivialisation. An equivalence class of such com- 
patible trivialisations constitutes what we call a Hilbert bundle over X. 
Any such Hilbert bundle determines a unique vector bundle, simply by 
taking the VB-equivalence class determined by the trivialisation. 

Given a Hilbert trivialisation {(U;, t%;)} of a vector bundle z over X, we 
can define on each fiber mz a Hilbert space structure. Indeed, for each x 
we select an open set U; in which z lies, and then transport to 7, the scalar 
product in E by means of t;z. By assumption, this is independent of the 
choice of U; in which z lies. Thus in a Hilbert bundle, we can assume that 
the fibers are Hilbert spaces, not only Hilbertable. 

It is perfectly possible that several distinct Hilbert bundles determine 
the same vector bundle. 

Any Hilbert bundle determining a given vector bundle 7 will be said to 
be a reduction of z to the Hilbert group. 

We can make Hilbert bundles into a category, if we take for the HB- 
morphisms the VB-morphisms which are injective and split at each point, 
and which preserve the metric, again at each point. 
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Each reduction of a vector bundle to the Hilbert group determines a 
Riemannian metric on the bundle. Indeed, defining for each xe X and 
v, w E Tz the scalar product 


Gav, W) = Tia, TixW) 
with any Hilbert-trivialising map tz such that « € U;, we get a morphism 
UH Jz 


of X into the sections of L?(x) which are positive definite. We also have 
the converse. 


Theorem 1. Let x be a vector bundle over a manifold X, and assume that 
the fibers of x are all toplinearly isomorphic to a Hilbert space E. Then the 
above map, from reductions of x to the Hilbert group, into the Riemannian 
metrics, 1s a byection. 


Proof. Suppose that we are given an ordinary VB-trivialisation {(U;, t;)} 
of xz. We must construct an HB-trivialisation. For each 7, let g; be the 
Riemannian metric on U; x E transported from 2 1(U;) by means of 7%. 
Then for each x € U;, we have a positive definite symmetric operator Aj, 
such that 


Jiz(v, w) = <Aigv, w> 


for allv, w € E. Let By, be the square root of A;z. We define the trivialisation 
oi by the formula 


Oic = Biztiz 


and contend that {(U;, o;)} is a Hilbert trivialisation. Indeed, from the 
definition of g;,, it suffices to verify that the VB-isomorphism 


By: 0;x En U; x FE 


given by Biz on each fiber, carries g; on the usual metric. But we have, 
forv,we E: 


«Biz, Bizw) = <Aizv, Ww» 


since By, is symmetric, and equal to the square root of Aj; This proves 
what we want. 


At this point, it is convenient to make an additional comment on normal 
bundles. 
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Let «, B be two Hilbert bundles over the manifold X, and let f: « > B be 
an HB-morphism. Assume that 


022% 


is exact. Then by using the Riemannian metric, there is a natural way of 
constructing a splitting for this sequence (cf. Chapter ITI, §5). 

Using Theorem 1 of the Appendix, we see at once that if F is a (closed) 
subspace of a Hilbert space, then E is the direct sum 


E=F@F 


of F and its orthogonal complement, consisting of all vectors perpendicular 
to F. 

In our exact sequence, we may view f as an injection. For each x we let 
a; be the orthogonal complement of a; in B;. Then we shall find an exact 
sequence of VB-morphisms 


pe 0 


whose kernel is a (set theoretically). In this manner, the collection of 
orthogonal complements a; can be given the structure of a Hilbert bundle. 

For each x we can write B, = a: © a and we define hz, to be the pro- 
jection in this direct sum decomposition. This gives us a mapping h: B —> «, 
and it will suffice to prove that h is a VB-morphism. In order to do this, we 
may work locally. In that case, after taking suitable VB-automorphisms 
over a small open set U of X, we can assume that we deal with the following 
situation. 

Our vector bundle f is equal to U x E and a is equal to U x F for some 
subspace F of E, so that we can write E = F x F’. Our HB-morphism is 
then represented for each x by an injection f,: F > E: 


peer 0 ee 


By the definition of exact sequences, we can find two VB-isomorphisms 
t and o such that the following diagram is commutative: 


Coke OE 
Ue he xe 
and such that the bottom map is simply given by the ordinary inclusion of 


F in E. We can transport the Riemannian structure of the bundles on top 
to the bundles on the bottom by means of o! and 1 respectively. We 
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are therefore reduced to the situation where f is given by the simple inclusion, 
and the Riemannian metric on U x Eis given by a family Az of symmetric 
positive definite operators on E (x € U). At each point 2, we have <v, w)z = 
<Azv, w>. We observe that the map 


Als (Uf se J) ss (Uf Se 18 


given by A; on each fiber is a VB-automorphism of U x E. Let prg be 
the projection of U x Eon U x F. It is a VB-morphism. Then the com- 
posite 


h = pryo A 
gives us a VB-morphism of U x Eon U x F, and the sequence 
Ux E—+UxF=+0 
is exact. Finally, we note that the kernel of h consists preciseiy of the 


orthogonal complement of U x F in each fiber. This proves what we 
wanted. 


§4. Hilbertian tubular neighborhoods 


Let E be a Hilbert space. Then the open ball of radius 1 is isomorphic 
to E itself under the mapping 


v 
vh ——_--__, 
(f =9jale)"” 
the inverse mapping being 
w 
wh 


(1 + [eo2)¥2 


If a > 0, then any ball of radius a is isomorphic to the unit ball under 
multiplication by the scalar a (or a” !). 

Let X be a manifold, and o: X — R a function (morphism) such that 
o(z) > O for all xe X. Let x: EH + X be a Hilbert bundle over X. We 
denote by (a) the subset of H consisting of those vectors v such that, if 
v lies in #,, then 


lez < o(z). 


Then E(oc) is an open neighborhood of the zero section. 
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Proposition 7. Let X be a manifold and nx: E + X a Hilbert bundle. 
Let o: X — Rbea morphism such that o(x) > 0 for all x. Then the mapping 


o(nw)w 


(1 + |el2)H/2 


gives an isomorphism of E onto E(o). 
Proof. Obvious. The inverse mapping is constructed in the obvious way. 


Corollary. Let X be a manifold admitting partitions of unity, and let 
nm: > X be a Hilbert bundle over X. Then E is compressible. 


Proof. Let Z be an open neighborhood of the zero section. For each 
xe X, there exists an open neighborhood V, and a number az > 0 such 
that the vectors in x~1(V) which are of length < az liein Z. We can find 
a partition of unity {(U;, g:)} on X such that each U; is contained in some 
Vat). We let o be the function 

Y axa Vi- 


Then E(a) is contained in Z, and our assertion follows from the proposition. 


Proposition 8. Let X be a manifold. Let x: KE > X and 7: E; > X be 
two Hilbert bundles over X. Let 


A: E> Ey 
be a VB-isomorphism. Then there exists an isotopy of VB-isomorphisms 
Ai: Eo Ey 


with proper domain [0,1] such that 41 = A and Ao is an HB-tsomorphism. 


Proof. We find reductions of EZ and EF, to the Hilbert group, with Hilbert 
trivialisations {(U;, t%)} for H and {(U;, pi)} for #y. We can then factor 
p:At; | as in Proposition 6 of §2, applied to each fiber map, 

U;x E— U;x E— U,x E 
ta Ti pi 


mer Uy) Ue 7) ty (Us) 


and obtain a factorization of Ainto A = AgdAp where Ay is a HB-isomorphism 
and Ap is a positive definite symmetric VB-automorphism. The latter form 
a convex set, and our isotopy is simply 


Ay = Ago (UH + (1 — t)Ap). 


(Smooth out the end points if you wish.) 
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Theorem 2. Let X bea submanifold of Y. Letn: E + Xandm: H, > X 
be two Hilbert bundles. Assume that E is compressible. Let f: H — Y and 
g: E, > Y be two tubular neighborhoods of X in Y. Then there exists an 
isotopy 


fi: EO Y 


of tubular neighborhoods with proper domain [0,1] and there exists an 
HB-isomorphism p: EH — Ej, such that fi = fand fo = gu. 


Proof. From Theorem 10 of Chapter IV, §6 we know already that there 
exists a VB-isomorphism A such that f ~ gd. Using the preceding proposition, 
we know that 2 ~ p where yp is a HB-isomorphism. Thus gd ~ gp and by 
transitivity, f ~ gu, as was to be shown. 


Remark. In view of Proposition 7, we could of course replace the con- 
dition that E be compressible by the more useful condition (in practice) 
that X admit partitions of unity. 


§5. Non-singular bilinear tensors 


Let E be a Hilbert space, and 


Q:Ex ER 


a continuous bilinear map. There exists a unique operator A such that 
Q(v, w) = (Av, w> 


for all v,weKE. If A is invertible (i.e. there exists an operator 47! such 
that AA~! = A~'A = 1), then we shall say that Q is non-singular. 

Let Y be a manifold, and 7: EH — Y a Hilbert bundle over ¥. Let Q 
be a tensor field of type L? on E, that is to say a section of the bundle L?(E) 
(or L(z)). Then for each y € Y, we have a bilinear continuous map Q, on 
Ey. If Q, is non-singular for each y € Y, then we say that Q is non-singular. 
If x ¢s trivial, and we have a trivialisation Y x E, then the local representa- 
tion of Q can be described by a morphism of Y into the Banach space of 
operators. If © is non-singular, then the image of this morphism is con- 
tained in the open set of invertible operators. (If Q is a 2-form, this image 
is contained in the submanifold of skew-symmetric operators.) 

Let © be a non-singular tensor field of type LZ? on £, or as we shall also 
say, a non-sinewer bilinear tensor field on H. Then Q can be used to identify 
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the sections '(#) of Z and the 1-forms on £ in the following manner. Let 

¢ be a section of FH. For each y € Y, we define a continuous linear map 
(Qo C)y: Hy +R 

by the formula 


((Qe ey, w> = CQ(y), E(y) x w> = Oy (E(y), w). 


Looking at local trivialisations of 2, we see at once that Qo € is a 1-form 
on £. 
Conversely, let w be a given 1-form on #. For each y € Y, wy is therefore 


a 1-form on Ey, and since Q is non-singular, there exists a unique element 
é(y) of Hy such that 


Qy (Ey), w) = @y(w) 


for all we Ey. In this fashion, we obtain a mapping é of Y into H and we 
contend that ¢ is a morphism (and therefore a section). 

To prove our contention we can look at the local representations. We 
use Q and @ to denote these. They are represented over a suitable open set 
U by two morphisms 


A: U - Aut(E) and n7:U +E 
such that 


Q,(v, w) om <Ay, wy and @y(w) ba <n(y), Ww». 
From this we see that 


E(y) = Ay *nly), 


from which it is clear that € is a morphism. We may summarize our dis- 
cussion as follows. 


Proposition 9. Let Y be a manifold and x: E > Y a Hilbert bundle 
over Y. Let Q be a non-singular bilinear tensor field on E. Then Q induces 
a bijection between sections of E and 1-forms on E. A section € corresponds 
to a 1-form w if and only if 


Dee — ow. 


We observe that our bijection is clearly a linear isomorphism, both the 
sections of HZ and the 1-forms being vector spaces over the constant field. 

In many applications, one takes the differential form to be df for some 
function f. The vector field corresponding to df is then called the gradient 
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of f. In the next section we shall work on the tangent bundle rather than the 
base manifold and in this manner get the vector field giving rise to geodesics. 


§6. Riemannian metrics and sprays 


Let X be a Riemannian manifold, modelled on the Hilbert space E. 
The scalar product ¢,) in E identifies E with its dual E*. The Riemannian 
metric on X gives a toplinear isomorphism of each tangent space 7';(X) 
with T*(X). If we work locally with X = U open in E and we make the 
identification 


TC) — Ce and TU) =U x EF 
then the metric gives a VB-isomorphism 
g: T(U) > T*(U) 
by means of a morphism 
gi U => LEP") 


such that g(x, v) = (a, g(x)v). For each x € U the scalar product given by 
the metric is then denoted by 


CY; Wx = Cy; g(x)w>, y, we k. 


For each x € U we note that Dg(x) maps E into L(E, E*), and for xe U, 
y € E we write 


Dg(x)y:v = Dgz,y(v). 


If we pull back the canonical 2-form described in Chapter V from 7'*(U) 
to T(U) by means of ¢, then its description locally can be written on U x E 
in the following manner. 


Qya,r, (Y1, V1) X (Y2, We)> 
= CY2, Wid: — CY1, Wada + <Dgz,y,(v), y2> — (Dgz,y,(v), yi». 


because in our present local representation, 7g maps an element (z, v, y, w) 
of T(7T(U)) on the element 


(x, g(a)v, y, Dgz,y(v) + g(x)w) 
in T(T*(U)). 
From the simple formula giving our fundamental 2-form on the cotangent 
bundle in Chapter V, we see at once that it is nonsingular on T*(U). Since 
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g is a VB-isomorphism, it follows that the pull-back of this 2-form to the 
tangent bundle is also non-singular. 

We shall now apply the results of the preceding section. To do so, we 
construct a 1-form on 7(X). Indeed, we have a function 


K:7(X) oR 


given by K(v) = 3<v, vz ifvisin Ty. Then dK is a1-form. By Proposition 
9 of the preceding section, it corresponds to a vector field on 7(X), and 
we contend: 


Theorem 3. The vector field on T(X) corresponding to —dK under the 
fundamental 2-form is a spray over X (known as the geodesic spray). 


Proof. We work locally, and use the criterion of Proposition 5 of Chapter 
IV, §3. We take U open in £ and have the double tangent bundle 


(U x E) x (E x E) 


1 
Uxk 


{ 
U 


Our function K can be written 
K(x, v) = Xv, v2 = 4X0, ylav), 
and dK at a point (z, v) is simply the ordinary derivative 
DK(ax,v):E x E> R. 


The derivative DK is completely described by the two partial derivatives, 
and we have 


DK(a, v)+(y, w) = Di K(x, v):y + DeK(a, v) + w. 
From the definition of derivative, we find 
DeK (a, v):w = Cv, W>z. 


We use the notation of Proposition 5, Chapter IV, §3. We can represent 
the vector field corresponding to —dK under the canonical 2-form Q by a 
morphism f: U x E + E x E, which we write in terms of its two com- 
ponents: 


f(a, v) = (filz, v), fo(x, v)). 
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By the preceding section, we have for all (x, v) ¢ U x Eand(y,w)¢E x E: 


Qo (falz, v); folz, v)), (y, w)> —(DK(z, v); (y, w)> 
= —D K(x, v):y — (v, w>z. 


I 


In the expression obtained above for Qz,, we find that as a function of 
we = w it has only one term, namely 


=e CY1, wee: 
From this it follows that 


(file, »), wn = —<v, w)a 


for all w and hence that f1(x, v) = v, whence our vector field is a second order 
differential equation. 

We can now write down the second factor of our vector field again using 
the expression for Q;,, obtained above, and we must have 


Cy, fo(2, v)>2 = <Dgz,y(v), > — <Dgz,r(r), yo — Dik(2, v)+y. 


From this one sees that fz is homogeneous of degree 2 in its second variable 
v, in other words that it represents a spray. This concludes the proof. 


In terms of local coordinates, the Riemannian spray is given by a map fe 
satisfying the second order differential equation 

a2, 

dt? 


da; 

aaa, and =—., 

fa(z, y) “= 

As a function of the variables y, the map f is quadratic, and its coefficients 

are functions of x, called the Christoffel symbols, Vix. Thus by definition, 
the above differential equation is of type 


d 2a, 


Te = oh Thy (2) 


es) 
dt dt 


In terms of the standard basis for R”, the Riemannian metric is then given 
by a matrix 


(gis()), 


and we let (g”) be the inverse matrix. Then the last formula relating the 
Riemannian metric and dK in the above proof can be written in terms of 
the local coordinates in terms of the Christoffel symbols, namely 


; ly jy (Ogi a ag; 
-", =- De See ev 
: dg = Ox; Oxx 
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§7. The Morse-Palais lemma 


Let U be an open set in some (real) Hilbert space E, and let f be a C?*? 
function on U, with p21. We say that xo is a critical point for f if 
Df(xo) = 0. We wish to investigate the behavior of f at a critical point. 
After translations, we can assume that x = 0 and that f(xo) = 0. We 
observe that the second derivative D?f(0) is a continuous bilinear form on 
E. Let 4 = D?f(0), and for each x € E let Az be the functional y + A(x, y). 
If the map x+> dj; is a toplinear isomorphism of E with its dual space E%*, 
then we say that / is non-singular, and we say that the critical point is 
non-degenerate. 

We recall that a local C?-isomorphism @ at 0 is a C”-invertible map defined 
on an open set containing 0. 


Theorem 4. Let f be a C?*? function defined on an open neighborhood of 
0 in the Hilbert space E, with p = 1. Assume that f(0) = 0, and that 0 
is a non-degenerate critical point of f. Then there exists a local C?-isomor- 
phism at 0, say ~, and an invertible symmetric operator A such that 


f(x) = <Ag(2), o(a)>. 


Proof. We may assume that U is a ball around 0. We have 


1 
4a) = fi f= [ Df (tex dt, 


and applying the same formula to Df instead of f, we get 


f(x) = [ [ ; D*f(stx)ta +x ds dt = g(x)(x, x) 
o Jo 


where 
1 fl 
gz) = I [ Df (stx)t ds dt. 
0 Jo 


Then g is a C” map into the Banach space of continuous bilinear maps on 
E, and even the space of symmetric such maps. We know that this Banach 
space is toplinearly isomorphic to the space of symmetric operators on KE, 
and thus we can write 


f(x) = <A(z)z, x) 


where A: U > Sym (E) is a C”? map of U into the space of symmetric 
operators on HZ. A straightforward computation shows that 


D?f(0)(v, w) = <A(0)», w). 
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Since we assumed that D7f(0) is non-singular, this means that A(0) is 
invertible, and hence A(z) is invertible for all x sufficiently near 0. 

We want to define g(x) to be C(x)x where C is a suitable C? map from a 
neighborhood of 0 into the open set of invertible operators, and in such a 
way that we have 


<A(x)x, 2) = (A(O) Q(z), G(x)> = <A(0)C(x)x, C(x)x). 
This means that we must seek a map C such that 
O(x)*A(0)C(x) = A(z). 


If we let B(x) == A(0)~'A(x), then B(x) is close to the identity J for small 
x. The square root function has a power series expansion near 1, which is 
a uniform limit of polynomials, and is C® on a neighborhood of J, and we 
can therefore take the square root of B(x), so that we let 


O(x) = B(x)”. 


We contend that this C(x) does what we want. Indeed, since both A(Q) 
and A(x) (or A(x)~*) are self-adjoint, we find that 


B(x)* = A(x)A(0)"}, 
whence 
B(x)* A(0) = A(0) B(x). 


But C(x) is a power series in J — B(x), and C(x)* is the same power series 
in J — B(x)*. The preceding relation holds if we replace B(x) by any power 
of B(x) (by induction), hence it holds if we replace B(x) by any polynomial 
in J — B(x), and hence finally, it holds if we replace B(x) by C(x), and thus 


C(x)*A(0)C(x) = A(0)O(x)O(x) = A(0)B(x) = A(z), 


which is the desired relation. 

All that remains to be shown is that is a local C?-isomorphism at 0. 
But one verifies that in fact, De(0) = C(0), so that what we need follows 
from the inverse mapping theorem. This concludes the proof of Theorem 4. 


Corollary. Let f be a O?*” function near 0 on the Hilbert space E, such 
that 0 is a non-degenerate critical point. Then there exists a local C”-iso- 
morphism W at 0, and an orthogonal decomposition E = F + F*, such 
that if we write W(x) = y + z with ye F andzeF-, then 


f(w(z)) = CY, y»> i «Z, Zz). 
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Proof. On a space where A is positive definite, we can always make the 
toplinear isomorphism x +> A!x to get the quadratic form to become the 
given hermitian product ¢,>, and similarly on a space where A is negative 
definite. In general, we use the spectral theorem to decompose E into a 
direct orthogonal sum such that the restriction of A to the factors is positive 
definite and negative definite respectively. 


Note. The Morse-Palais lemma was proved originally by Morse in the 
finite dimensional case, using the Gram-Schmidt orthogonalization process. 
The elegant generalization and its proof in the Hilbert space case is due to 
Palais. It shows (in the language of coordinate systems) that a function 
near a critical point can be expressed as a quadratic form after a suitable 
change of coordinate system (satisfying requirements of differentiability). 
It comes up naturally in the calculus of variations. For instance, one con- 
siders a space of paths (of various smoothness) a: [a,b] > E where E is a 
Hilbert space. One then defines a function on these paths, essentially related 
to the length, 


b 
fer= [ <o'(t), o'(t)) at, 


and one investigates the critical points of this function, especially its 
minimum values. These turn out to be the solutions of the variational 
problem, by definition of what one means by a variational problem. Even 
if Z is finite dimensional, so a Euclidean space, the space of paths is infinite 
dimensional. 


CHAPTER VIII 


Integration of Differential Forms 


Throughout this chapter, is Lebesgue measure on R”. 
If A is a subset of R", we write Y1(A) instead of £1(A, p, C). 
All mantfolds are assumed finite dimensional. 
They may have a boundary. 


§1. Sets of measure 0 


We recall that a set has measure 0 in R” if and only if, given ¢, there 
exists a covering of the set by a sequence of rectangles {R;} such that 
> H(R;) < e. We denote by R; the closed rectangles, and we may always 
assume that the interiors R) cover the set, at the cost of increasing the 
lengths of the sides of our rectangles very slightly (an ¢/2” argument). We 
shall prove here some criteria for a set to have measure 0. We leave it to 
the reader to verify that instead of rectangles, we could have used cubes 
in our characterization of a set of a measure 0 (a cube being a rectangle all 
of whose sides have the same length). 

We recall that a map f satisfies a Lipschitz condition on a set A if there 
exists a number C’ such that 


If(z) — fy)| S$ Cle — y 


for all z,y¢ A. Any C! map f satisfies locally at each point a Lipschitz 
condition, because its derivative is bounded in a neighborhood of each point, 
and we can then use the mean value estimate, 


If(z) — fy)| S lz — yl sup [f'(2)], 


the sup being taken for z on the segment between x and y. We can take the 
neighborhood of the point to be a ball, say, so that the segment between 
any two points is contained in the neighborhood. 


Lemma 1. Let A have measure 0 in R" and let f: A > R” satisfy a 
Lipschitz condition. Then f(A) has measure 0. 
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Proof. Let C be a Lipschitz constant for f. Let {Rj} be a sequence of 
cubes covering A such that > p(R;) < ¢. Let r; be the length of the side 
of R;. Then for each j we see that f(A m S;) is contained in a cube &; whose 
sides have length < 2Cr;. Hence 


WR) S 201", a Pi OTE 
Our lemma follows. 


Lemma 2. Let U be open in R” and let f: U > R" be a C! map. Let Z 
be a set of measure 0 in U. Then f(Z) has measure 0. 


Proof. For each x € U there exists a rectangle Rz contained in U such 
that the family {R°} of interiors covers Z. Since U is separable, there exists 
a denumerable subfamily covering Z, say {R;}. It suffices to prove that 
f(Z © R;) has measure 0 for each 7. But f satisfies a Lipschitz condition on 
R; since R; is compact and f’ is bounded on #;, being continuous. Our 
lemma follows from Lemma 1. 


Lemma 3. Let A be a subset of R”. Assume thatm < n. Let f: A > R” 
satisfy a Lipschitz condition. Then f(A) has measure 0. 


Proof. We view R” as embedded in R” on the space of the first m co- 
ordinates. Then R”™ has measure 0 in R”, so that A has also n-dimensional 
measure 0. Lemma 3 is therefore a consequence of Lemma 1. 


Note. All three lemmas may be viewed as stating that certain param- 
etrized sets have measure 0. Lemma 3 shows that parametrizing a set by 
strictly lower dimensional spaces always yields an image having measure 
0. The other two lemmas deal with a map from one space into another of 
the same dimension. Observe that Lemma 3 would be false if f is only 
assumed to be continuous (Peano curves). 


The next theorem will be used later only in the proof of the residue 
theorem, but it is worthwhile inserting it at this point. 

Let f: X + Y bea morphism of class C?, with p = 1, and assume through- 
out this section that X, Y are finite dimensional. A point x € X is called a 
critical point of f if f is not submersion at x. This means that 


DegeT X— Toe 


is not surjective, according to our differential criterion for a submersion. 
Assume that a manifold X has a countable base for its charts. Then we 


can say that a set has measure 0 in X if its intersection with each chart has 
measure 0). 
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Sard’s theorem. Let f: X — Y be a C® morphism of finite dimensional 
manifolds having a countable base. Let Z be the set of critical points of f in 
X. Then f{(Z) has measure 0 in Y. 


Proof. (Due to Dieudonné.) By induction on the dimension n of X. The 
assertion is trivial if n = 0. Assume n > 1. It will suffice to prove the 
theorem locally in the neighborhood of a point in Z. We may assume that 
X = U is open in R” and 


f:U — R? 
can be expressed in terms of coordinate functions, 


f= (fis--+>fp)- 


We let as usual 
D* = Dt --+ D™ 


be a differential operator, and call || = a1 + +--+ am its order. We let 
Zo = Zand for m 2 1 we let Zm be the set of points x € Z such that 


D*f;(x) = 0 


for allj = 1,...,p and all aw with 1 < |a| < m. We shall prove: 


(1) For each m = 0 the set f(Zm — Zm+1i) has measure 0. 
(2) If m = n/p, then f(Zm) has measure 0. 


This will obviously prove Sard’s theorem. 


Proof of 1. Let a€ Zm — Zm41. Suppose first that m = 0. Then for 
some coordinate function, say j7 = 1, and after a renumbering of the 
variables if necessary, we have 


Dy fila) # 0. 
The map 
Gm ( fu(t); Len aes By) 


obviously has an invertible derivative at + = a, and hence is a local iso- 
morphism at a. Considering fg’ instead of f, we are reduced to the case 
where f is given by 


f(x) = Gr f2(x), Ou ft) = (a1, h(x)), 
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where h is the projection of f on the last p — 1 coordinates and is therefore 
a morphism h: V > R”~! defined on some open V containing a. Then 


1 0 
ea (, Bia ; 


From this it is clear that x is a critical point for f if and only if z is a critical 
point for h, and it follows that h(Z 4 V) has measure 0 in R? “1. Since 
f(Z) is contained in R' x h(Z), we conclude that f(Z) has measure 0 in 
R? as desired. 

Next suppose that m > 1. Then for some a with |a| = m + 1, and say 
j = 1, we have 


D*fi(a) # 0. 
Again after a renumbering of the indices, we may write 
D*f, = Dig 


for some function g;, and we observe that gi(x) = 0 for all xe Zm, in a 
neighborhood of a. The map 


g: a+ (91(2), w2,..., tn) 


is then a local isomorphism at a, say on an open set V containing a, and we 
see that 


gfe AV) ]{0) xR, 


We view g as a change of charts, and considering f o g~ instead of f, together 
with the invariance of critical points under changes of charts, we may view 
f as defined on an open subset of R”~!. We can then apply induction again 
to conclude the proof of our first assertion. 


Proof of 2. Again we work locally, and we may view f as defined on the 
closed n-cube of radius r centered at some point a. We denote this cube by 
C,(a). For m 2 n/p, it will suffice to prove that 


S(Zm 0 C,(a)) 


has measure 0. For large N, we cut up each side of the cube into N equal 
segments, thus obtaining a decomposition of the cube into N” small cubes. 
By Taylor’s formula, if a small cube contains a critical point x € Zm, then 
for any point y of this small cube we have 


f(y) — f(%)| S Kle — y|™** S K(2rjN)™*}, 
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where K is a bound for the derivatives of f up to order m + 1, and we use 
the sup norm. Hence the image of Z contained in a small cube is itself 
contained in a cube whose radius is given by the right-hand side, and whose 
volume in R? is therefore bounded by 


K?(2r/ NP), 
We have n at most N” such images to consider, and we therefore see that 
f(Zm a C,(a)) 
is contained in a union of cubes in R?, the sum of whose volumes is bounded by 
K?N"(2r] INOUE?) SORE (2 ret erent 1), 


Since m = n/p, we see that the right-hand side of this estimate behaves 
like 1/N as N becomes large, and hence that the union of the cubes in R? 
has arbitrarily small measure, thereby proving Sard’s theorem. 


Sard’s theorem is harder to prove in the case f is C? with finite p [29], 
but p = o0 already is quite useful. 


§2. Change of variables formula 


We first deal with the simplest of cases. We consider vectors 11,..., Un 
in R” and we define the block B spanned by these vectors to be the set 
of points 


tyr +e + tntn 


with 0 < t < 1. We say that the block is degenerate (in R”) if the vectors 
¥1,..-,Un are linearly dependent. Otherwise, we say that the block is 
non-degenerate, or is a proper block in R”. 


vy 


vy 


v2 
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We see that a block in R? is nothing but a parallelogram, and a block in R* 
is nothing but a parallelepiped (when not degenerate). 

We shall sometimes use the word volume instead of measure when applied 
to blocks or their images under maps, for the sake of geometry. 

We denote by Vol (v1,...,0n) the volume of the block B spanned by 
V1,..+, Un. We define the oriented volume 


Vol® (v1,..., Un) = +Vol (v1,..-, Un); 
taking the + sign if Det (v1,...,n) > 0 and the — sign if 
Det (v4, anes Un) < 0. 


The determinant is viewed as the determinant of the matrix whose column 
vectors are ¥1,..., Un, in that order. 

We recall the following characterization of determinants. Suppose that 
we have a product 


(¥1,.+.,Un) b> UL A V2 Act? A Un 


which to each n-tuple of vectors associates a number, such that the product 
is multilinear, alternating, and such that 


Qi A*t** A én = 1 
if ¢1,...,@, are the unit vectors. Then this product is necessarily the 
determinant, that is, it is uniquely determined. ‘Alternating’ means that if 
% = v; for some? # 7, then 
V1 A**' A Un = O. 
The uniqueness is easily proved, and we recall this short proof. We can write 
Vi = 4101 + °°* + Ainen 
for suitable numbers a;;, and then 
U1 Acts A Un = (A11€1 +°°* + Ainen) Aves A (Qnzer +°°* + Gnnen) 
= 2 %,0(1)€0(1 NA°" A Gn o(nyPa(n) 


= 2 A101)" ** An e(njeaay A °°" A ean): 


The sum is taken over all maps a: {l,...,} > {l,...,n}, but because 
of the alternating property, whenever ¢ is not a permutation the term 
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corresponding to a is equal to 0. Hence the sum may be taken only over all 
permutations. Since 


Cay A °°" A Corny = b(a)ey Ave? A e 


where e(¢) = 1 or —1 is a sign depending only on ag, it follows that the 
alternating product is completely determined by its value ej A -:* A én, 
and in particular is the determinant if this value is equal to 1. 


Proposition 1. We have 


Vol? (vj, ..., Un) = Det (v4,..., vn) 
and 


Vol (v1,...,0n) = [Det (v1,..., vn)|. 


Proof. If v1,...,%n are linearly dependent, then the determinant is 
equal to 0, and the volume is also equal to 0, for instance by Lemma 3 of 
§1. So our formula holds in this case. It is clear that 


Vol (e1,...,€n) = 1. 


To show that Vol® satisfies the characteristic properties of the determinant, 
all we have to do now is to show that it is linear in each variable, say the 
first. In other words, we must prove 


(*) Vol® (cv, ve,..., Un) = c Vol? (v, va,..-, Un) force R, 


(**) = Vol (v + w, v2,..., Un) 


= Vol® (v, ve,..., Un) + Vol® (w, ve,...; Un). 


As to the first assertion, suppose first that c is some positive integer k. 
Let B be the block spanned by 2, v2,..., vn. We may assume without loss 
of generality that v,v2,...,Un are linearly independent (otherwise, the 
relation is obviously true, both sides being equal to 0). We verify at once 
from the definition that if B(v, ve,..., vn) denotes the block spanned by 
V, V2,.-+, Un then B(kv, v2, ..., Un) is the union of the two sets 


B((k — 1)v, v2,..-; Un) and Biv, v2, ...,;0n) + (E — 1)e 


which have only a set of measure 0 in common, as one verifies at once from 
the definitions. 
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Therefore, we find that 


Vol (ku, ve,..., Un) = Vol ((k — 1), v2,...,0n) + Vol (v, v2,..., Un) 
= (k — 1) Vol (v, v2,..., Un) + Vol (v, v2,..., Un) 


= k Vol (v, v2,..., Un); 


as was to be shown. 
Now let 


v = u4/k 


Vol (- 01,UV v = — Vol (v = ) 
H) pesog peoe Un). 
a 1 2 n iP 1 > Un 


Writing a positive rational number in the form m/k = m-1/k, we conclude 
that the first relation holds when c is a positive rational number. If 7 is a 
positive real number, we find positive rational numbers c,c’ such that 
c<rsc’. Since 


B(cv, vo,...,0n) < Bre, v2e,..., Un) < B(c’v, ve, ..., Un); 
we conclude that 
c Vol (v, v2,..-, Un) S Vol (rv, ve,...,%n) Sc’ Vol (v, ve,..., Un). 


Letting c,c’ approach r as a limit, we conclude that for any real number 
ry = 0 we have 


Vol (rv, v2,..., Un) = 7 Vol (2, v2,..., vn). 
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Finally, we note that B(—v, ve,..., vn) is the translation of 
Biv, ve, ..+;5 Un) 


by —v so that these two blocks have the same volume. This proves the first 
assertion. 


As for the second, we look at the geometry of the situation, which is 
made clear by the following picture in case vy = v1, w = Up. 


dj +9 


vy 


v2 


The block spanned by 1, v2,... consists of two “triangles” 7, T’ having 
only a set of measure zero in common. The block spanned by v1 + v2 and 
v2 consists of 7’ and the translation T + ve. It follows that these two blocks 
have the same volume. We conclude that for any number c, 


Vol® (vy + cve, v2,.--, Un) = Vol® (v1, ve,..-, Un): 
Indeed, if c = 0 this is obvious, and if c # 0 then 


c Vol® (v; + cve, v2) = Vol® (v1 + cve, cve) 


= Vol? (v1, cvg) = c Vol?® (v4, v2). 


We can then cancel c to get our conclusion. 

To prove the linearity of Vol® with respect to its first variable, we may 
assume that v2,...,Un are linearly independent, otherwise both sides of 
(**) are equal to 0. Let v; be so chosen that {v1,..., vn} is a basis of R”. 
Then by induction, and what has been proved above, 


Vol (cyvy + °°* + Cn¥n, V2,--+, Un) 


= Vol® (cur + + °° + Cn—1n-1, V2, +++, Un) 
= Vol? (civ, v2, ..., Un) 
= ¢; Vol® (v1,..., Un). 


From this the linearity follows at once, and the theorem is proved. 
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Corollary 1. Let S be the unit cube spanned by the unit vectors in R”. 
Let 1: R" — R" be a linear map. Then 


Vol A(S) = |Det (A)}. 


Proof. If v1,...,Un are the images of e1,...,é@, under A, then A(S) is 
the block spanned by v1,..., Un. If we represent A by the matrix A = (aij), 
then 


Vi = A1e1 +°°* + Anien; 
and hence Det (v1,..., %n) = Det (A) = Det (A). This proves the corollary. 


Corollary 2. If R is any rectangle in R” and 4: R” > R” 1s a linear 
map, then 


Vol A(R) = |Det (A)| Vol (R). 


Proof. After a translation, we can assume that the rectangle is a block. 
If R = 1;(S) where S is the unit cube, then 


MR) = de A(8), 
whence by Corollary 1 
Vol A(R) = |Det (Ao Ax)| = |Det (A) Det (A1)| = |Det (A)| Vol (R). 


The next theorem extends Corollary 2 to the more general case where 
the linear map A is replaced by an arbitrary C’-invertible map. The proof 
then consists of replacing the linear map by its derivative and estimating 
the error thus introduced. For this purpose, we have the Jacobian deter- 
minant 


Ay(z) = Det Js(x) = Det f’(x) 
where J;(x) is the Jacobian matrix, and f’(x) is the derivative of the map 
fc0 =, 


Proposition 2. Let R be a rectangle in R”, contained in some open set U. 
Let f: U + R" bea C! map, which is C}-invertible on U. Then 


u(f(B)) = I even 


Proof. When f is linear, this is nothing but Corollary 2 of the preceding 
theorem. We shall prove the general case by approximating f by its deriva- 
tive. Let us first assume that R is a cube for simplicity. Given ¢, let P be 
a partition of &, obtained by dividing each side of R into N equal segments 
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for large N. Then RF is partitioned into N” subcubes which we denote by 
S;(j = 1,...,.N”). We let a; be the center of 8. 
We have 


Vol f(R) = ¥ Vol f(S;) 
j 


because the images f(S;) have only sets of measure 0 in common. We 
investigate f(S;) for each j. The derivative f’ is uniformly continuous on 
hk. Given e, we assume that N has been taken so large that for x € S; we have 


F(x) = flay) + Ajax — aj) + ele — a4), 
where A; = f’(a;) and 
lp(z — a;)| S |x — aye. 


To determine Vol f(S;) we must therefore investigate f(S) where S is a cube 
centered at the origin, and f has the form 


f(z) = Ax + (2), lp(z)| < |ale. 


on the cube S. (We have made suitable translations which don’t affect 
volumes.) We have 


A~* of(a) = « + A™*o Q(z), 


so that A~10f is nearly the identity map. For some constant C, we have 
forxeS 


|A~* o p(x)| S Ce. 


From the lemma after the proof of the inverse mapping theorem, we 
conclude that 4~!  f(8) contains a cube of radius 


(1 — Ce) radius 8S), 
and trivial estimates show that 1~!o f(S) is contained in a cube of radius 
(1 + Ce) (radius 8). 


We apply / to these cubes, and determine their volumes. Putting indices 
j on everything, we find that 


|Det f’(a;)| Vol (S;) — eCy Vol (S;) 
< Vol f(S;) < |Det f’(a;)| Vol (S;) + eC Vol (5) 
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with some fixed constant C,. Summing over j and estimating |A;|, we see 
that our theorem follows at once. 

Remark. We assumed for simplicity that R was a cube. Actually, by 
changing the norm on each side, multiplying by a suitable constant, and 
taking the sup of the adjusting norms, we see that this involves no loss of 
generality. Alternatively, we can approximate a given rectangle by cubes. 


Corollary. If g is continuous on f(R), then 


{ ae { tc Pitylides 
F(R) R 


Proof. The functions g and (9° f)|A;| are uniformly continuous on f(R) 
and R respectively. Let us take a partition of R and let {S;} be the sub- 
rectangles of this partition. If 6 is the maximum length of the sides of the 
subrectangles of the partition, then f(S;) is contained in a rectangle whose 
sides have length < C6 for some constant C. We have 


i gd = | g du. 
F(R) j Jf (Sj) 


The sup and inf of g on f(S;) differ only by ¢ if 6 is taken sufficiently small. 
Using the theorem, applied to each Sj, and replacing g by its minimum 
m; and maximum M; on S;, we see that the corollary follows at once. 


Change of variables formula. Let U be open in R” and let f: U > R” 
be a C' map, which is C* invertible on U. Let ge £'(f(U)). Then 
(gof)|Ay| is in Z1(U) and we have 


ee 
f(U) U 


Proof. Let & be a closed rectangle contained in U. We shall first prove 
that the restriction of (g°f)|Ay| to R is in #1(R), and that the formula 
holds when U is replaced by R. We know that C,(f(U)) is L'-dense in 
L£'(f(U)), by Real Analysis, Theorem 6 of Chapter XII, §3. Hence there 
exists a sequence {gx} in C.(f(U)) which is L}-convergent to g. Using 
Real Analysis, Theorem 4 of Chapter X, §5, we may assume that {gz} con- 
verges pointwise to g except on a set Z of measure 0 in f(U). By Lemma 2 
of §1, we know that f~1(Z) has measure 0. 

Let 9 = (gx f)|As|- Each function gf is continuous on R. The sequence 
{gz} converges almost everywhere to (g © f)|Ayz| restricted to R. It is in fact 
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an L'-Cauchy sequence in ¥1(R). To see this, we have by the result for 
rectangles and continuous functions (corollary of the preceding theorem): 


| lof — gtldp = { eae 
R F(R) 


so the Cauchy nature of the sequence {gf} is clear from that of {g,}. It 
follows that the restriction of (go f)|Ay| to R is the L1-limit of {97}, and is 
in #1(R). It also follows that the formula of the theorem holds for R, that is 


{ aqu = { (9 of)|Ay| du 
f(A) A 


when A = R. 

The theorem is now seen to hold for any measurable subset A of R, 
since f(A) is measurable, and since a function g in Li f (A)) can be extended 
to a function in ¥1(f(R)) by giving it the value 0 outside f(A). From this 
it follows that the theorem holds if A is a finite union of rectangles contained 
in U. We can find a sequence of rectangles {R} contained in U whose 
union is equal to U, because U is separable. Taking the usual stepwise 
complementation, we can find a disjoint sequence of measurable sets 


Am = Rm — (Ri Ue*+U Rm-1) 
whose union is U, and such that our theorem holds if A = Am. Let 
lin = Ip Am) = IXp(dmy OMA ag, = (Ih © fIAYl- 


Then > hm converges to g and > h* converges to (go f)|Ay|. Our theorem 
follows from Corollary 5 of the dominated convergence theorem in Real 
Analysis. 


Note. In dealing with polar coordinates or the like, one sometimes meets 
a map f which is invertible except on a set of measure 0, e.g. the polar 
coordinate map. It is now trivial to recover a result covering this type of 
situation. 


Corollary. Let U be open in R” and let f: U + R” be a C! map. Let A 
be a measurable subset of U such that the boundary of A has measure 0, 
and such that f is C! invertible on the interior of A. Let g be in £'(f(A)). 
Then (go f)|As| is in L(A) and 


{ adu = { (9° f)|Agr| dp. 
F(A) A 
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Proof. Let Uo be the interior of A. The sets f(A) and f(Uo) differ only 
by a set of measure 0, namely f(@A). Also the sets A, Uo differ only by a 
set of measure 0. Consequently we can replace the domains of integration 
f(A) and A by f(Uo) and Uo, respectively. The theorem applies to conclude 
the proof of the corollary. 


§3. Orientation 


Let U, V be open sets in half spaces of R” and let g: U > V be a C 
isomorphism. We shall say that ¢ is orientation preserving if the Jacobian 
determinant A,(z) is > 0, allae U. If the Jacobian determinant is nega- 
tive, then we say that ¢ is orientation reversing. 

Let X be a C? manifold, p = 1, and let {(U;, g;)} be an atlas. We say 
that this atlas is oriented if all transition maps g;° @; ' are orientation 
preserving. Two atlases {(U;, g:)} and {(V,, W,)} are said to define the 
same orientation, or to be orientation equivalent, if their union is oriented. 
We can also define locally a chart (V, w) to be orientation compatible with 
the oriented atlas {(U;, g;)} if all transition maps g;° @~! (defined when- 
ever U; V is not empty) are orientation preserving. An orientation 
equivalence class of oriented atlases is said to define an oriented mani- 
fold, or to be an orientation of the manifold. It is a simple exercise to verify 
that if a manifold has an orientation, then it has two distinct orientations. 

The standard examples of the Moebius strip or projective plane show 
that not all manifolds admit orientations. We shall now see that the 
boundary of an oriented manifold with boundary can be given a natural 
orientation. 

Let p: U — R" be an oriented chart at a boundary point of X, such that 


(1) If (a1,...,2%n) are the local coordinates of the chart, then the boundary 
points correspond to those points in R” satisfying x; = 0, and 


(2) The points of U not in the boundary have coordinates satisfying x, < 0. 


Then (%2,...,%n) are the local coordinates for a chart of the boundary, 
namely the restriction of g to 0X m U, and the picture is as follows. 


(2, . ++, Zn) 


T) 
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We may say that we have considered a chart g such that the manifold 
lies to the left of its boundary. If the reader thinks of a domain in R?, 
having a smooth curve for its boundary, as on the following picture, he will 
see that our choice of chart corresponds to what is usually visualized as 
“counterclockwise”’ orientation. 


The collection of all pairs (U \ 6X, p|(U m6X)), chosen according to 
the criterva described above, is obviously an atlas for the boundary 0X, and 
we contend that it 1s an oriented atlas. 


We prove this easily as follows. If 
(41,...,2n) = 2@ and (Y1,.--,Yn) = Y 
are coordinate systems at a boundary point corresponding to choices of 
charts made according to our specifications, then we can write y = f(x) 
where f = (fi,...,fn) is the transition mapping. Since we deal with 


oriented charts for X, we know that A;(x) > 0 for all x Since f maps 
boundary into boundary, we have 


filO, v2,...,2%n) = 0 


for all xo,...,2%n. Consequently the Jacobian matrix of f at a point 
(0, 22,..., %n) is equal to 


* ve 


* 


D,fi(0, U2, 206; Xn) Des ss 0 
~1) 


wnere Ao is the Jacobian matrix of the transition map g induced by f on 
the boundary, and given by 


Ch = f2(0, X2,+++5 Xn) 


a = flO, 22,2. 2s Cn) 
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However, we have 


Di fi(0, 22, ...,%n) = Vir 110%, Bene s+ 9 Hn) 


taking the limit with h < 0 since by prescription, points of X have coor- 
dinates with x; < 0. Furthermore, for the same reason we have 


Sfilh, %2,...,%n) < 0. 
Consequently 
Di fi(0, 2,285 Xn) =7G: 


From this it follows that AG VG, ...,%m) > O, thus proving our assertion 
that the atlas we have defined for 0X is oriented. 


From now on, when we deal with an oriented manifold, it is understood 
that its boundary is taken with orientation described above, and called the 
induced orientation. 


§4. The measure associated with a differential form 


Let X be a manifold of class C? with p 2 1. We assume from now on that 
X ts Hausdorff and has a countable base. Then we know that X admits C? 
partitions of unity, subordinated to any given open covering. 


(Actually, instead of the conditions we assumed, we could just as well 
have assumed the existence of C? partitions of unity, which is the precise 
condition to be used in the sequel.) 

We can define the support of a differential form as we define the support 
of a function. Jt is the closure of the set of all 2 € X such that w(x) ¥ 0. 
If w is a form of class C% and « is a C% function on X, then we can form the 
product «w, which is the form whose value at x is a(x)q@(x). If a has compact 
support, then aw has compact support. Later, we shall study the integration 
of forms, and reduce this to a local problem by means of partitions of unity, 
in which we multiply a form by functions. 

We assume that the reader is familiar with the correspondence between 
certain functionals on continuous functions with compact support and 
measures. Cf. Real Analysis for this. We just recall some terminology. 

We denote by C,(X) the vector space of continuous functions on X with 
compact support (i.e. vanishing outside a compact set). We write C,(X, R) 
or C(X, C) if we wish to distinguish between the real or complex valued 
functions. 
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We denote by C;(X) the subspace of C,(X) consisting of those functions 
which vanish outside K. (Same notation C,(X) for those functions which 
are 0 outside any subset S of X. Most of the time, the useful subsets in this 
context are the compact subsets K.) 

A linear map 4 of C,(X) into the complex numbers (or into a normed 
vector space, for that matter) is said to be bounded if there exists some 
C = 0 such that we have 


lAf| = Cllfll 


for all fe C,(X). Thus / is bounded if and only if 4 is continuous for the 
norm topology. 

A linear map A of C,(X) into the complex numbers is said to be positive 
if we have Af = 0 whenever f is real and > 0. 


Lemma 1. Let 4: C(X) — C be a positive linear map. Then i is bounded 
on Cx(X) for any compact K. 


Proof. By the corollary of Urysohn’s lemma, there exists a continuous 
real function g = 0 on X which is 1 on K and has compact support. If 
feC,(X), let b = |f\|. Say fis real. Then bg + f = 0, whence 


A(bg) + Af 20 


and |Af| < bA(g). Thus dg is our desired bound. 


A complex valued linear map on C,(X) which is bounded on each sub- 
space O,(X) for every compact K will be called a C,-functional on C,(X), 
or more simply, a functional. A functional on C,(X) which is also con- 
tinuous for the sup norm will be called a bounded functional. It is clear that 
a bounded functional is also a C,-functional. 


Lemma 2. Let {W,} be an open covering of X. For each index a, let i, 
be a functional on C(W,). Assume that for each pair of indices u,B the 
functionals 1, and i, are equal on C(W, © Ws). Then there exists a unique 
functional 1 on X whose restriction to each C,(W,) is equal to 4,. If each 
A, 18 positive, then so is A. 


Proof. Let f ¢ C,(X) and let K be the support of f. Let {hi} be a partition 
of unity over K subordinated to a covering of K by a finite number of the 
open sets W,. Then each hf has support in some W,,;) and we define 


Af = 3 Ayinhf)- 


We contend that this sum is independent of the choice of a(t), and also 
of the choice of partition of unity. Once this is proved, it is then obvious 
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that 1 is a functional which satisfies our requirements. We now prove this 
independence. First note that if W,,;, is another one of the open sets W, 
in which the support of hf is contained, then h,f has support in the inter- 
section Wj) 0 Wy, and our assumption concerning our functionals A, 
shows that the corresponding term in the sum does not depend on the 
choice of index a(i). Next, let {gz} be another partition of unity over K 
subordinated to some covering of K by a finite number of the open sets 
W,. Then for each 1, 


hf = pe guhif, 


whence 


Yaa (Mf) = p2 CONCLIADE 


If the support of gzfif is in some W,, then the value 1,(gz/if) is independent 
of the choice of index a. The expression on the right is then symmetric with 
respect to our two partitions of unity, whence our theorem follows. 


Theorem 1. Let dim X = n and let w be an n-form on X of class C°, 
that is continuous. Then there exists a unique positive functional 1 on C(X) 
having the following property. If (U, ~) ts a chart and 


co(z) = f(x) da. A-*: A dap 


is the local representation of w in this chart, then for any ge C,(X) with 
support in U, we have 


(1) lg = |i Gol) f(x)| de, 


where g, represents g in the chart [1.e.9,(x) = g(p~ 1(x))], and dx is Lebesgue 
measure. 


Proof. The integral in (1) defines a positive functional on C,(U). The 
change of variables formula shows that if (U, @) and (V, w) are two charts, 
and if g has support in U - V, then the value of the functional is independent 
of the choice of charts. Thus we get a positive functional by the general 
localization lemma for functionals. 


The positive measure corresponding to the functional in Theorem 1 will 
be called the measure associated with |w|, and can be denoted by Heo}. 

Theorem 1 does not need any orientability assumption. With such an 
assumption, we have a similar theorem, obtained without taking the ab- 
solute value. 


[VIII, 4] MEASURE ASSOCIATED WITH A DIFFERENTIAL FORM 189 


Theorem 2. Let dim X = n and assume that X is oriented. Let w be an 
n-form on X of class O°. Then there exists a unique functional A on CX) 
having the following property. If (U, @) is an oriented chart and 


a(x) = f(z) day, A+++ A day 


ts the local representation of w in this chart, then for any ge C,(X) with 
support in U, we have 


re | Neaseu 
eU 


where g, represents g in the chart, and dx is Lebesgue measure. 


Proof. Since the Jacobian determinant of transition maps belonging to 
oriented charts is positive, we see that Theorem 2 follows like Theorem 1 
from the change of variables formula (in which the absolute value sign now 
becomes unnecessary) and the existence of partitions of unity. 


If 1 is the functional of Theorem 2, we shall cail it the functional associated 
with w. For any function g € C,(X), we define 


| go = Ag. 
x 


If in particular @ has compact support, we can also proceed directly as 
follows. Let {o;} be a partition of unity over X such that each a; has com- 


pact support. We define 
i i = y i ae, 
x ig X 


all but a finite number of terms in this sum being equal to 0. As usual, 
it is immediately verified that this sum is in fact independent of the choice 
of partition of unity, and in fact, we could just as well use only a partition 
of unity over the support of w. Alternatively, if « is a function in C,(X) 
which is equal to 1 on the support of w, then we could also define 


[\e-[~ 


It is clear that these two possible definitions are equivalent. 
For an interesting theorem at the level of this chapter, see J. Moser’s 
paper “On the volume element on a manifold,” Transactions AMS 120 


(December 1965) pp. 286-294. 


CHAPTER IX 


Stokes’ Theorem 


Throughout the chapter, all manifolds are assumed finite 
dimensional. They may have a boundary. 


§1. Stokes’ theorem for a rectangular simplex 


If X is a manifold and Y a submanifold, then any differential form on X 
induces a form on Y. We can view this as a very special case of the inverse 
image of a form, under the embedding (injection) map 


a: Y > X. 


In particular, if Y has dimension n — 1, and if (x1,..., 2n) is a system of 
coordinates for X at some point of Y such that the points of Y correspond 
to those coordinates satisfying x; = c for some fixed number c, and index j, 
and if the form on X is given in terms of these coordinates by 


Oe)r= f{(r1;..-, faide1 A-“** A atm, 
then the restriction of w to Y (or the form induced on Y) has the rep- 
resentation 
OS 
WZ, . . s,s. earn °° A Gay A *: A dq. 
We should denote this induced form by wy, although occasionally we omit 
the subscript Y. We shall use such an induced form especially when Y is 


the boundary of a manifold X. 
Let 


R = [a, bi] x +++ x [@n, bn] 
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be a rectangle in n-space, that is a product of x closed intervals. The set 
theoretic boundary of R consists of the union over all i = 1,...,” of the 
pieces 


FE = Yaay bu] 07+ {an} ++ x (Om ba} 
ie = [ay, by] be 0 OD {b;} dane toe 4 [an, bn]. 
ihe 


“a 
O(®1y 6.45 fn) = [Ci «3-5 2a Oty Ane Aen 


is an (x — 1)-form, and the roof over anything means that this thing is to 
be omitted, then we define 


Za 
bs b1 bn “N 
| o= | | mens f(x, -.., Gey... maida ~~ adage => day 
R® ai ai 


an 


if 7 = j, and 0 otherwise. And similarly for the integral over R}. We define 
the integral over the oriented boundary to be 


lhe ol Hh id 


Stokes’ theorem for rectangles. Let R be a rectangle in an open set U 
in n-space. Let w be an (n — 1)-form on U. Then 


{ da -{ Q. 
R aOR 


Proof. In two dimensions, the picture looks like this: 


It suffices to prove the assertion when @ is a decomposable form, say 


CaN 
w(x) = f(v1,...,%n) day A+++ A day A+++ A dan. 
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We then evaluate the integral over the boundary of R. If i 4 j, then it 


is clear that 
i oo | Q, 
RP R} 


so that 


[ 5 
6°R 
, fos Ay bn 
= (-19f | | [f (a1, ..+5 Gy, 0025 2n) 
ai aj an 


“Ns 
—ner.. . OF... , aidan da, -- ae, 


On the other hand, from the definitions we find that 
“~ 
date) = (Lan +--+ i 
02x, 
= (—1)3"} i dx, A*+*: A d&pq. 
Ox; 


(The (- 1)7~? comes from interchanging dx; with dz,...,dz;_,. All other 
terms disappear by the alternation rule.) 

Integrating dw over R, we may use repeated integration and integrate 
Of/Ox; with respect to a; first. Then the fundamental theorem of calculus 
for one variable yields 


bi A 
of dx; = Sloe... Of6. - ea) = flags. 25 Oj, «<5 En). 
ay OX} 


We then integrate with respect to the other variables, and multiply by 
(—1))-1. This yields precisely the value found for the integral of w over 
the oriented boundary 0°R, and proves the theorem. 


Remark. Stokes’ theorem for a rectangle extends at once to a version in 
which we parametrize a subset of some space by a rectangle. Indeed, if 
o: R > V isa C! map of a rectangle of dimension 7 into an open set V in 
RY, and if w is an (n — 1)-form in V, we may define 


[ 4 - | o* da. 
o R 
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One can define 


and then we have a formula 


fer Le 


In the next section, we prove a somewhat less formal result. 


§2. Stokes’ theorem on a manifold 


Theorem 1. Let X be an oriented manifold of class C*, dimension n, 
and let w be an (n — 1)-form on X, of class C'. Assume that w has com- 


pact support. Then 
i dw = { Q. 
x ax 


Proof. Let {a;};.<7 be a partition of unity, of class C?. Then 


Visio ow; 
tel 


and this sum has only a finite number of non-zero terms since the support 
of w is compact. Using the additivity of the operation d, and that of the 
integral, we find 


i do = | daw). 
a 


tel JX 


Suppose that «; has compact support in some open set V; of X and that 
we can prove 


i d(aj@) = OOD, 
Vi Vinox 


in other words we can prove Stokes’ theorem locally in V;. We can write 


| ao = I Ou, 
Vinox CP.¢ 
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and similarly 


| d( a4) - | d(ai@). 
Vi xXx 


Using the additivity of the integral once more, we get 


i dw=) | daw) = \y aw = I @, 
x ax ax 


tel JX tel 


which yields Stokes’ theorem on the whole manifold. Thus our argument 
with partitions of unity reduces Stokes’ theorem to the local case, namely 
it suffices to prove that for each point of X there exists an open neighbor- 
hood V such that if @ has compact support in V, then Stokes’ theorem holds 
with X replaced by V. We now do this. 

If the point is not a boundary point, we take an oriented chart (U, @) at 
the point, containing an open neighborhood V of the point, satisfying the 
following conditions: @U is an open ball, and gV is the interior of a rectangle, 
whose closure is contained in @U. If w has compact support in V, then its 
local representation in @U has compact support in @V. Applying Stokes’ 
theorem for rectangles as proved in the preceding section, we find that the 
two integrals occurring in Stokes’ formula are equal to 0 in this case (the 
integral over an empty boundary being equal to 0 by convention). 

Now suppose that we deal with a boundary point. We take an oriented 
chart (U, @) at the point, having the following properties. First, @U is 
described by the following inequalities in terms of local coordinates 


(ee 5 Zp): 
—-2<%<s1 and —2 < aj <2 eo 9 = 2). 
Next, the given point has coordinates (1,0,...,0), and that part of U on 


the boundary of X, namely U - 0X, is given in terms of these coordinates 
by the equation z; = 1. We then let V consist of those points whose local 


coordinates satisfy 
Ox, = I and —-l<a< 1 Moly SNP ett 


If w has compact support in V, then @ is equal to 0 on the boundary of 
the rectangle R equal to the closure of @V, except on the face given by 
2, = 1, which defines that part of the rectangle corresponding to 0X + V. 
Thus the support of @ looks like the shaded portion of the following picture. 
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In the sum giving the integral over the boundary of a rectangle as in the 
previous section, only one term will give a non-zero contribution, cor- 
responding to 7 = 1, which is 


Hille? * Lie 


Furthermore, the integral over R9 will also be 0, and in the contribution 
of the integral over Ri, the two minus signs will cancel, and yield the in- 
tegral of w over the part of the boundary lying in V, because our charts 
are so chosen that (xv2,..., 2%) is an oriented system of coordinates for the 


boundary. Thus we find 
i! dw = I Qo, 
V Vnex 


which proves Stokes’ theorem locally in this case, and concludes the proof 
of Theorem 1. 


For any number of reasons, some of which we consider in the next section, 
it is useful to formulate conditions under which Stokes’ theorem holds . 
even when the form w does not have compact support. We shall say that 
w has almost compact support if there exists a decreasing sequence of open 
sets {U;,} in X such that the intersection 


(\ U 
k=1 
is empty, and a sequence of C! functions {g;}, having the following properties: 


AC 1. We have 0S gk S 1, gx = 1 outside Ux, and gym has compact 
support. 
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AC 2. If ux is the measure associated with |\dgx A «| on X, then 
lim px(O,) = 0. 
ko 


We then have the following application of Stokes’ theorem. 


Corollary. Let X be a C? oriented manifold, of dimension n, and let w 
be an (n — 1)-form on X, of class C1. Assume that w has almost compact 
support, and that the measures associated with |dw| on X and |w| on 0X are 


finite. Then 
i dw = | o. 
5 4 ax 


Proof. By our standard form of Stokes’ theorem we have 


{ no = | ago) = | dgx A o+{ gx do. 
ax x x x 


We estimate the left-hand side by 


rn 
0X ox 


Since the intersection of the sets Uz is empty, it follows for a purely 
measure-theoretic reason that 


= i) (= aa S Myo\(Uz 7 OX). 
ox 


lim gro = ll Q. 
ko Jox ax 
Similarly, 


lim gn dw -{ do. 
x x 


k-> 00 


The integral of dg, A w over X approaches 0 as k > o by assumption, 
and the fact that dg, A m is equal to 0 on the complement of U;x since gz 
is constant on this complement. This proves our corollary. 

The above proof shows that the second condition AC 2 is a very natural 
one to reduce the integral of an arbitrary form to that of a form with com- 
pact support. In the next section, we relate this condition to a question 
of singularities when the manifold is embedded in some bigger space. 
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§3. Stokes’ theorem with singularities 


If X is a compact manifold, then of course every differential form on X 
has compact support. However, the version of Stokes’ theorem which we 
have given is useful in contexts when we start with an object which is not 
a manifold, say as a subset of R”, but is such that when we remove a portion 
of it, what remains is a manifold. For instance, consider a cone (say the 
solid cone) as illustrated in the next picture. 


The vertex and the circle surrounding the base disc prevent the cone from 
being a submanifold of R®. However, if we delete the vertex and this circle, 
what remains is a submanifold with boundary embedded in R?. The boundary 
consists of the conical shell, and of the base dise (without its surrounding 
circle). Another example is given by polyhedra, as on the following figure. 


The idea is to approximate a given form by a form with compact support, 
to which we can apply Theorem 1, and then take the limit. We shall indicate 
one possible technique to do this. 

The word “‘boundary”’ has been used in two senses: The sense of point 
set topology, and the sense of boundary of a manifold. Up to now, they 
were used in different contexts so no confusion could arise. We must now 
make a distinction, and therefore use the word boundary only in its mani- 
fold sense. If X is a subset of R”, we denote its closure by X as usual. 
We call the set theoretic difference X — X the frontier of X in R”, and 
denote it by fr(X). 

Let X be a submanifold without boundary of R’, of dimension n. We 
know that this means that at each point of X there exists a chart for an 
open neighborhood of this point in R* such that the points of X in this 
chart correspond to a factor in a product. A point P of X — X will be 
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called a regular frontier point of X if there exists a chart at P in R* with 
local coordinates (x1,...,2y) such that P has coordinates (0,..., 0); the 
points of X are those with coordinates 


tng, =°' = Ay = 0 and tn < 0; 


and the points of the frontier of X which lie in the chart are those with 
coordinates satisfying 


Xn = ny, = °° = Ly = O. 


The set of all regular frontier points of X will be denoted by 0X, and will 
be called the boundary of X. We may say that X U dX is a submanifold 
of R¥, possibly with boundary. 

A point of the frontier of X which is not regular will be called singular. 
It is clear that the set of singular points is closed in RY. We now formulate 
a version of Theorem 1 when w does not necessarily have compact support 
in X U OX. Let S be a subset of RY. By a fundamental sequence of open 
neighborhoods of S we shall mean a sequence {Ux} of open sets containing 
S such that, if W is an open set containing S, then Uz < W for all sufficiently 
large k. 

Let S be the set of singular frontier points of X and let w be a form 
defined on an open neighborhood of X, and having compact support. The 
intersection of supp w with (X U dX) need not be compact, so that we 
cannot apply Theorem 1 as it stands. The idea is to find a fundamental 
sequence of neighborhoods {U,} of S, and a function gz which is 0 on a 
neighborhood of S and 1 outside Ux; so that gq differs from w only inside 
Uy. We can then apply Theorem 1 to g,w and we hope that taking the limit 
yields Stokes’ theorem for q@ itself. However, we have 


i d(9x@) =| dgy A @ + i gx do. 
x Xx > ¢ 


Thus we have an extra term on the right, which should go to 0 as k > co 
if we wish to apply this method. In view of this, we make the following 
definition. 

Let S be a closed subset of R“. We shall say that S is negligible for X 
if there exists an open neighborhood U of S in R”, a fundamental sequence 
of open neighborhoods {U;} of S in U, with Ux, ¢ U, and a sequence of 
C! functions {gx}, having the following properties. 


NEG 1. We have 0 S gx S 1. Also, gx(x) = 0 for x in some open neigh- 
borhood of S, and gx(x) = 1 for x ¢ Ux. 
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NEG 2. If w is an (n — 1)-form of class C* on U, and px is the measure 
associated with \dgy \ w| on U 7m X, then px is finite for large k, 
and 


lim p(U 0 X) = 0. 


ko 


From our first condition, we see that g,@ vanishes on an open neighborhood 
of S. Since gy = 1 on the complement of Ux, we have dg, = 0 on this 
complement, and therefore our second condition implies that the measures 
induced on X near the singular frontier by |dgx, A o| (for k = 1, 2,...), 
are concentrated on shrinking neighborhoods and tend to 0 as k > oo. 


Theorem 2 (Stokes’ theorem with singularities). Let X be an oriented, 
C8 submanifold without boundary of RY. Let dim X = n. Let w be an 
(n — 1)-form of class C1 on an open neighborhood of X in R*, and with 
compact support. Assume that: 


(i) If S is the set of singular points in the frontier of X, then S ~ supp w 
is negligible for X. 
(ii) The measures associated with |\dw| on X, and |w| on OX, are finite. 


[.20= | QO. 
< ax 


Proof. Let U, {Ux}, and {gx} satisfy conditions NEG 1 and NEG 2. 
Then gzq@ is 0 on an open neighborhood of S, and since @ is assumed to 
have compact support, one verifies immediately that 


Then 


(supp gx@) A (X vu OX) 


is compact. Thus Theorem 1 is applicable, and we get 


i Ino = | d(gx@) = | dgy A @ + i gx da. 
ox x x x 

I o- | vo | (1 — a 

ax ax ax 


| 1 AL) = Hjo (Ux 0 0X). 
Unnex 


We have 


IIA 


IIA 
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Since the intersection of all sets U; 7 0X is empty, it follows from purely 
measure theoretic reasons that the limit of the right-hand side is 0 as 
k— ©. Thus 


lim 9xo = [ Qo. 
k>o JOX ox 


For similar reasons, we have 


lim gx dw = I da. 
x 4 


k> 0 


Our second assumption NEG 2 guarantees that the integral of dg, A 
over X approaches 0. This proves our theorem. 


We shall now give criteria for a set to be negligible. 


Criterion 1. Let S,T be compact negligible sets for a submanifold X of 
R* (assuming X without boundary). Then the union 8S UT is negligible 
for X. 


Proof. Let U, {Ux}, {gx} and V, {Vx}, {hx} be triples associated with S 
and 7 respectively as in conditions NEG 1 and NEG 2 (with V replacing 
U and h replacing g when T replaces S). Let 


Re=aUu KF; Wr = UE U Ve, and te =s gxhx. 


Then the open sets {W;,} form a fundamental sequence of open neighbor- 
hoods of S U Tin W, and NEG 1 is trivially satisfied. As for NEG 2, we have 


d(gzrhe) A @ = hydgy A @ + gedhy A o, 


so that NEG 2 is also trivially satisfied, thus proving our criterion. 


Criterion 2. Let X be an open set, and let S be a compact subset in R". 
Assume that there exists a closed rectangle R of dimension m < n — 2 
and a C! map o: R — R" such that S = a(R). Then S ts negligible for X. 


Before giving the proof, we make a couple of simple remarks. First, we 
could always take m = n — 2, since any parametrization by a rectangle of 
dimension < n — 2 can be extended to a parametrization by a rectangle 
of dimension n — 2 simply by projecting away two coordinates. Second, 
by our first criterion, we see that a finite union of sets as described above, 
that is parametrized smoothly by rectangles of codimension 2 2, are neg- 
ligible. Third, our Criterion 2, combined with the first criterion, shows that 
negligibility in this case is local, that is we can subdivide a rectangle into 
small pieces. 
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We now prove Criterion 2. Composing o with a suitable linear map, we 
may assume that F& is a unit cube. We cut up each side of the cube into 
k equal segments and thus get k” small cubes. Since the derivative of o 
is bounded on a compact set, the image of each small cube is contained in 
an n-cube in R* of radius < C/k (by the mean value theorem), whose 
n-dimensional volume is < (2C)"/k". Thus we can cover the image by 
small cubes such that the sum of their n-dimensional volumes is 


< (20)"/k""™ < (20)"/K?. 


Lemma. Let S be a compact subset of R”. Let Ux be the open set of points 
x such that d(x, 8) < 2/k. There exists a C® function gy on R® which is 
equal to 0 in some open neighborhood of S, equal to 1 outside Uy, 0 < ge <1, 
and such that all partral derwatives of gx are bounded by C\k, where C, ts 
a constant depending only on n. 


Proof. Let @ be a C® function such that 0 < g < 1, and 


we 


g(z) = 0 iO 


=e) = 
gp(z)=1 if 1 |e. 


We use || || for the sup norm in R”. The graph of ¢ looks like this: 


For each positive integer k, let p(x) = (kx). Then each partial derivative 
Dig, satisfies the bound 


|Digell Sk Digll, 


which is thus bounded by a constant times k. Let ZL denote the lattice of 
integral points in R”. For each | € L, we consider the function 


1 
Lk xe— --]., 
on si) 
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This function has the same shape as g; but is translated to the point 1/2k. 
Consider the product 


gx(z) = J] or(« = :.) 


taken over all 1 € L such that d(l/2k, S) < 1/k. If x is a point of R” such 
that d(x, 8) < 1/4k, then we pick an / such that 


d(x, /2k) < 1/2k. 
For this | we have d(l/2, S) < 1/k, so that this 1 occurs in the product, and 
ox(z — 1/2k) = 0. 


Therefore gz is equal to 0 in an open neighborhood of S. If, on the other 
hand, we have d(x, S) > 2/k and if 1 occurs in the product, that is 


d(l/2k, S) <= 1/k, 
then 
d(x, 1/2k) > 1/k, 


and hence g;(x) = 1. The partial derivatives of g; are bounded in the 
desired manner. This is easily seen, for if xo is a point where gx is not iden- 
tically 1 in a neighborhood of xo, then ||zo — I9/2k|| < 1/k for some lo. 
All other factors gx(x — 1/2k) will be identically 1 near zo unless 
lao — 1/2k|| < 1/k. But then ||l — lol] S 4 whence the number of such | 
is bounded as a function of (in fact by 9”). Thus when we take the deriva- 
tive, we get a sum of at most 9” terms, each one having a derivative bounded 
by Ck for some constant C;. This proves our lemma. 


We return to the proof of Criterion 2. We observe that when an (n — 1)- 
form q@ is expressed in terms of its coordinates, 


Laws 
w(x) = ¥ fila) day A+++ A day A+++ A dan, 


then the coefficients f; are bounded on a compact neighborhood of S. We 
take U; asin the lemma. Then for k large, each function 


a b> fi(x)Digu(x) 


is bounded on U;, by a bound Cek, where C2 depends on a bound for a, 
and on the constant of the lemma. The Lebesgue measure of U; is bounded 
by C3/k?, as we saw previously. Hence the measure of U, associated with 
\dgx A «| is bounded by C4/k, and tends to 0 as k + oo. This proves our 


criterion. 
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As an example, we now state a simpler version of Stokes’ theorem, applying 
our criteria. 


Theorem 3. Let X be an open subset of R". Let S be the set of singular 
points in the closure of X, and assume that S is the finite union of C images 
of m-rectangles with m <n — 2. Let w be an (n — 1)-form defined on an 
open neighborhood of X. Assume that w has compact support, and that the 
measures associated with |w| on 0X and with |dw| on X are finite. Then 


[20 = | Q. 
Re ax 


Proof. Immediate from our two criteria and Theorem 2. 


We can apply Theorem 3 when, for instance, X is the interior of a poly- 
hedron, whose interior is open in R”. When we deal with a submanifold X 
of dimension n, embedded in a higher dimensional space R”, then one can 
reduce the analysis of the singular set to Criterion 2 provided that there 
exists a finite number of charts for X near this singular set on which the 
given form w is bounded. This would for instance be the case with the 
surface of our cone mentioned at the beginning of the section. Criterion 2 
is also the natural one when dealing with manifolds defined by algebraic 
inequalities. Hironaka tells me that by using the resolution of singularities, 
one can parametrize a compact set of algebraic singularities as in Criterion 2. 

Finally, we note that the condition that m have compact support in an 
open neighborhood of X is a very mild condition. If for instance X is a 
bounded open subset of R”, then X is compact. If w is any form on some 
open set containing X, then we can find another form n which is equal to 
@ on some open neighborhood of X and which has compact support. The 
integrals of 4 entering into Stokes’ formula will be the same as those of w. 
To find y, we simply multiply @ with a suitable C® function which is 1 in a 
neighborhood of X and vanishes a little further away. Thus Theorem 3 
provides a reasonably useful version of Stokes’ theorem which can be 
applied easily to all the cases likely to arise naturally. 


§4. The divergence theorem 


Let X be an oriented manifold of dimension n and let Q be an n-form on X. 
Let & be a vector field on X. Then dQ = 0, and hence the basic formula for 
the Lie derivative (Chapter V, §6, Proposition 10) shows that 


LO = dQ _} &. 
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Consequently in this case, Stokes’ theorem has the form 


x ox 


This is called the divergence theorem. 


Remark. Even if the manifold is not orientable, it is possible to define 
the notion of density and to formulate a Stokes theorem for densities. Cf. 
Loomis-Sternberg [13] for the formulation, due to Rasala. However, this 
formulation reduces at once to a local question (using partitions of unity 
on densities). Since locally every manifold is orientable, and a density then 
amounts to a differential form, this more general formulation again reduces 
to the standard one on an orientable manifold. 

Suppose that X is a Riemannian manifold. Then we can define in a natural 
way an n-form namely at each point if v,,..., v, are in 7, and are such that 

det <v;, 0; ), 


a 


is positive, the function 
Oi =: -, Vy = V/det (Uj, 0; Dy 


is obviously an n-form which is nowhere equal to 0, and will be called the 
canonical Riemannian volume form. If X is orientable, then in each chart 
compatible with the orientation, this form has a representation 


OG) = f@)da A“ A dig; 


and the sign of the corresponding function f in the chart is always positive 
or always negative. 

At a point, the space of n-forms is 1-dimensional. Hence any n-form on a 
Riemannian manifold can be written as a product g@Q where g is a function 
and Q is the canonical Riemannian volume form. If é is a vector field, and 


d(QX _] ¢) = @Q, 


with such a function g, then we call @ the divergence of € with respect to 
Q, or with respect to the Riemannian metric. We denote it by divg €. 

By the property of the Lie derivative recalled above, and the present 
definition, we have in the Riemannian case: 


LO = (divg £)Q. 
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Example. Looking back at the example of Chapter V, §6 we see that if 
OG) = dan *-- Keda, 


is the canonical form on R” and € is a vector field, then its divergence is 
given by 


Let X be an oriented Riemannian manifold. Let @ be the canonical 
Riemannian volume form on 0X and let Q be the canonical Riemannian 
volume form on X itself. Let nz be the unit vector in the tangent space 
T',(X) which is perpendicular to 7',(0X) and is such that 


ne A @(xz) = Q(z). 


We shall call n, the unit outward normal vector to the boundary at x. In an 
oriented chart, it looks like this. 


Then by formula CON 3 of Chapter V, §6 we find 
Q_1o = cm, fo — nr (w _J 8), 


and the restriction of this form to dX is simply <n, é)w. Thus we get: 


Gaurs theorem. Let X be a Riemannian manifold. Let w be the canonical 
Riemannian volume form on dX and let Q be the canonical Riemanniar: volume 
form on X itself. Let n be the unit outward normal vector field to the boundary, 
and let € be a C' vector field on X, with compact support. Then 


fe (dive {2 = i _ 41, Do. 
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§5. Cauchy’s theorem 


It is possible to define a complex analytic (analytic, for short) manifold, 
using open sets in €” and charts such that the transition mappings are 
analytic. Since analytic maps are C®, we see that we get a C® manifold, 
but with an additional structure, and we call such a manifold (complex) 
analytic. It is verified at once that the analytic charts of such a manifold 
define an orientation. 

If 23,..., Zn are the complex coordinates of €”, then 


(eiecmaenicie- es on) 


can be used as C® local coordinates, viewing €" as R®”. If zy = ay + typ, 
then 


dz, = dry + idyx and dz, = dry — idyg. 


Differential forms can then be expressed in terms of wedge products of the 
dz, and dz,. For instance 


dzy AN dz_ = Qidyy A day. 
The complex standard expression for a differential form is then 


(2) v= >, Pt,h(2) dz, LO 7 a dz, A dz, is FOO AN dz. 
(i, 9) 


Under an analytic change of coordinates, one sees that the numbers r and s 
remain unchanged, and that if s = 0 in one analytic chart, then s = 0 in 
any other analytic chart. Similarly for r. Thus we can speak of a form of 
type (r,s). A form is said to be analytic if s = 0, that is if it is of type (r, 0). 

We can decompose the exterior derivative d into two components. 
Namely, we note that if @ is of type (7, s), then dw is a sum of forms of type 
(r + 1,8) and (r,s + 1), say 


d@ = (4@)(4.1,8) ot (2) p41): 
We define 
ale) = (d@) 7 +1,8) and da = (d@) (641): 


In terms of local coordinates, it is then easy to verify that if w is decom- 
posable, and is expressed as 


w(z) = o(z) da, Av+: A dw A dz, A+: A dz, = Qa, 
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then 


Sz 


0w = TS ae A 


and 


al 
€ 
II 
M 
@® }| & 
S18 
Quy 
NI 
> 
> 
€ 


In particular, we have 


0 5 (2 2.) 0 5 (2 2) 
— = — [— -—-1— and — =-|[— +i—}. 
Ozx Ox; OYk OZE Oxy - OYk 


(Warning: Note the position of the plus and minus signs in these ex- 
pressions. ) 
Thus we have 


d=0+4+4, 


and operating with @ or @ follows rules similar to the rules for operating 
with d. 

Note that f is analytic if and only if 6f = 0. Similarly, we say that a 
differential form is analytic if in its standard expression, the functions 
Pi,3) are analytic and the form is of type (r,0), that is there are no dz; 
present. Equivalently, this amounts to saying that d@ = 0. The following 
extension of Cauchy’s theorem to several variables is due to Martinelli. 

We let |z| be the Euclidean norm, 


lz] = (2121 + +++ + 2nd)". 


Cauchy’s theorem. Let f be analytic on an open set in C" containing the 
closed ball of radius R centered at a point C. Let 


cox(z) = dzy Aces A den A d2y N***A dz: A***A din 
and 
ag —1)*Z,004(z). 


Let Sp be the sphere of radius R centered at (. Then 


Gn f@ - 
fle) = em) [. es ole - 0) 


where e(n) = (—1)?*)1/2, 
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Proof. We may assume ( = 0. First note that 


Cw(z) = si (—1)* dzy A c@x(z) = (—1)"*1n dz vn dz, 


k=1 
where dz = dz; A +--+: A dzn and similarly for dz. Next, observe that if 
then 
dy = 0. 


This is easily seen. On the one hand, dy = 0 because w already has 
dz; A ++: A dzy, and any further dz; wedged with this gives 0. On the other 
hand, since f is analytic, we find that 


Byte) = fe) (22) - 


ie 


by the rule for differentiating a product and a trivial computation. 
Therefore, by Stokes’ theorem, applied to the annulus between two spheres, 
for any r with 0 < r < FR we get 


— aoe 


co(z) _ a2) 
ie f(z) {2|2” am [0 \2|2” 


1 
= Tan Ja f(z) @(z). 


or in other words, 


Using Stokes’ theorem once more, and the fact that dw = 0, we see that 
this is 


We can write f(z) = f(0) + g(z), where g(z) tends to 0 as z tends to 0. Thus 
in taking the limit as r > 0, we may replace f by f(0). Hence our last 
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expression has the same limit as 


0) | Be = 40) = [ (—1)"*1n dz a di. 
geen oJ B, 


But 
dz A d&% = (—1)—D2472" dy, a day A*+** A dy, A adtn. 


Interchanging dy; and dx, to get the proper orientation gives another con- 
tribution of (— 1)”, together with the form giving Lebesgue measure. Hence 
our expression is equal to 


f(0)(—1)e"* 2 y(2 ym = V (By), 


where V(B,) is the Lebesgue volume of the bail of radius r in R2”, and is 
classically known to be equal to x”r2"/n!. Thus finally we see that our 
expression is equal to 
f(oy(—yrenrtne Cee 
(n — 1)! 


This proves Cauchy’s theorem. 


§6. The residue theorem 


Let f be an analytic function in an open set U of C”. The set of zeros of 
f is called a divisor, which we denote by V = Vy. In the neighborhood of 
a regular point a, that is a point where f(a) = 0 but some complex partial 
derivative of f is not zero, the set V is a complex submanifold of U. In 
fact, if, say, Dnf(a) 4 0, then the map 


(Zines en) (eee... zn—15f (2) 


gives a local analytic chart (analytic isomorphism) in a neighborhood of a. 
Thus we may use f as the last coordinate, and locally V is simply obtained 
by the projection on the set f = 0. This is a special case of the complex 
analytic inverse function theorem. 

It is always true that the function log |f| is locally in 1. We give the 
proof only in the neighborhood of a regular point a. In this case, we can 
change f by a chart (which is known as a change-of-variable formula), and we 
may therefore assume that f(z) = zn. Then log |f| = log |z,|, and the 
Lebesgue integral decomposes into a simple product integral, which reduces 
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our problem to the case of one variable, that is to the fact that log |z| is 
locally integrable near 0 in the ordinary complex plane. Writing z = re’, 
our assertion is obvious since the function 7 log r is locally integrable near 
0 on the real line. 

For the next theorem, it is convenient to let 


de = —i(d — 90). 
Note that 
dd¢ = 24 00. 


The advantage of dealing with d and d¢ is that they are real operators. 

The next theorem, whose proof consists of repeated applications of 
Stokes’ theorem, is due to Poincaré. It relates integration on V and U by a 
suitable kernel. 


Residue theorem. Let f be analytic on an open set U of C" and let V be 
its divisor of zeros in U. Let W be a C™ form with compact support in U, 
of degree 2n — 2 and type (n — 1,n — 1). Then 


[v= = [tow ini aary. 


(As usual, the integral on the left is the integral of the restriction of W to V, 
and by definition, it is taken over the regular points of V.) 


Proof. Since yw and dd°y have compact support, the theorem is local 
(using partitions of unity). We give the proof only in the neighborhood of a 
regular point. Therefore we may assume that U is selected sufficiently small 
so that every point of the divisor of f in U is regular, and such that, for 
small ¢, the set of points 


U, = {2€ U, |f(2)| 2 8} 


is a submanifold with boundary in U. The boundary of U, is then the set of 
points z such that |f(z)| = ¢. (Actually to make this set a submanifold we 
only need to select ¢ to be a regular value, which can be done for arbitrarily 
small ¢ by Sard’s theorem.) For convenience we let S, be the boundary of 
U,, that is the set of points z such that |f(z)| = e. 

Since log | f| is locally in #’, it follows that 


i log |f| dd = iim | log |f| dd°w. 
Ue 270 J Us 
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Using the trivial identity 
d(log |f| d°y) = dlog|f| a dy + log |f| dd*y, 


we conclude by Stokes’ theorem that this limit is equal to 


im | i log iflay - | alog sl a ey | 


&€ 


The first integral under the limit sign approaches 0. Indeed, we may 
assume that f(z) = zn = re’. On S, we have |f(z)| = ¢, so log |f| = loge. 


There exist forms 1, We in the first n—1 variables such that 
dy = Wi A dzn + Wo A dzn, 
and the restriction of dz, to S, is equal to 
sie” dé, 


with a similar expression for dz). Hence our boundary integral is of type 


é loge I Q, 
Se 


where q@ is a bounded form. From this it is clear that the limit is 0. 
Now we compute the second integral. Since yw is assumed to be of type 
(n — 1,n — 1) it follows that for any function g, 


dg AoW =0 and ay an by = 0. 


Replacing d and d° by their values in terms of @ and 6, it follows that 


-{ dlog |f| A dy = { a log if| a ay. 
6 U. 
We have 


d(d° log |f| A w) = dd°log|f| A w — d°log|f| a dy. 


Furthermore dd° is a constant times 0, and dd¢ log |f| = 0 in any open set 
where f # 0, because 


66 log |f| = 4 (log f + logf) = 0 
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since 0 log f = 0 and é log f = 0 by the local analyticity of log f. Hence we 
obtain the following values for the second integral by Stokes: 


iL ee Vc { aoe e. 
e Se 
Since 


d¢ log |f| (0 — @)(log f + log f) 


aa 
2 
eS ( _ dn ) 
2 \2n Zn 
(always assuming f(z) = zn), we conclude that if z, = re’®, then the re- 
striction of d° log |f| to S, is given by 


resg d° log f = dé. 
Now write y in the form 


y= + Yo 


where yw; contains only dz,, dz; for 7 = 1,...,n — 1 and We contains dzp or 
dzy. Then the restriction of We to S, contains d0, and consequently 


[ arogisti a v= [a0 0 Ws 1 89. 
Se Se 


The integral over S, decomposes into a product integral, with respect to 
the first » — 1 variables, and with respect to d@. Let 


(n~-1) 
{ wi(z) |S, = g(2n). 


Then simply by the continuity of g we get 


2n 
lim ~ | gee) dO = g(0). 
2-0 2n 0 
Hence 
lim | d6 A (Wi |S,) = Wi. 
e>0 Se Zn=0 


But the restriction of y to the set zn = 0 (which is precisely V) is the same 
as the restriction of y to V. This proves our theorem. 


APPENDIX 


The Spectral Theorem 


The following is a set of notes from a seminar of Von Neumann arovnd 
1950. 
§1. Hilbert space 


Let E be a vector space over the complex. (The real theory follows exactly 
the same pattern.) By an inner product on E we mean a bilinear pairing 
«xz, y> € C of E x E into C such that, for all complex numbers «, we have: 


Car, y> = a2, y>, «zt, y> = Y, 2) 


<x,2> 2 0 and equals 0 if and only if x = 0. 
We have the Schwartz inequality : 


KX, yD? S <a, @><y, ¥> 
whose proof is as follows. For all «, 8 complex, 
OS <ax + py, ox + By> = adda, x) + Bada, y> + aba, y> + BBY, 9). 


We let a = <y, y> and B = —<2,y)>. The inequality drops out. 

We define the norm of a vector x to be <x, x>"/” and denote it by |a]. 
Using the Schwartz inequality, one sees that |z| defines a metric on &, the 
distance between x and y being |x — y|. The norm is continuous. 

We write x | y and say that x is perpendicular to y if (2, y) = 0. 

The following identities are useful and trivially proved. 


Parallelogram law: |x + y|? + |x — y|? = 2|x|? + 2ly/?. 
Pythagoras theorem: If x | y, then |x + y|? = |x|? + lyl?. 


A Hilbert space is an inner product space which is complete under the 
induced metric. For the rest of this appendix, a subspace will always mean 
a closed subspace, with its structure of Hilbert space induced by that of E. 
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Lemma 1. Let F be a subspace of E, let x € E, and let 
a = inf |x — y| 


the inf taken over all ye F. Then there exists an element yo € F such that 
a = |x — Yo. 
Proof. Let yn be a sequence in F such that |y, — 2| tends toa. We 
must show that y, is Cauchy. By the parallelogram law, 
lyn — 2? + Zlym — al? — 414(yn + Ym) — 2” 
2lyn — x? + 2lym — 2|? — 4a? 


lyn — Ym|" 


lA 


which shows that y, is Cauchy, converging to some vector yo. The lemma 
follows by continuity. 


Theorem 1. If F is a subspace properly contained in E, then there exists a 
vector z in E which is perpendicular to F (and # 0). 


Proof. Let ze Eand x ¢ F. Let yo be an element of F which is at minimal . 
distance from x (use Lemma 1). Let a be this distance and let z = yo — z. 
After a translation, we may assume that z = xz, so that |z| = a. For any 
complex number « and y € F we have |z + ay| 2 a, whence 


<x + ay,% + ay> = |x|? + Xx, y> + az, y + a&ly|? 


a”, 


IV 


Put « = <x, y>. We get a contradiction for small values of f. 


§2. Functionals and operators 


A linear map A from a Hilbert space E to a Hilbert space H is bounded 
if there exists a positive real number « such that 


|Az| S a2 
for all ze E. The norm of A, denoted by |A| is the inf of all such «. 


Proposition 1. A linear map is bounded if and only if it maps the unit 
sphere on a bounded subset, if and only if it is continuous. 


Proof. Clear. 


A functional is a continuous linear map into C. Functionals are bounded. 
We have the fundamental: 
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Representation theorem. A linear map 1:E — C is bounded if and 


only tf there exists y € E such that A(x) = <x, y> forallxeE. If sucha 
y exists, it is unique. 


Proof. If A(x) = <a, y> then the Schwartz inequality shows that it is 
bounded, with bound |y|. It is obvious that y is unique. 

Conversely, let 1 be bounded. Let F be the kernel of J. Then F is a sub- 
space. If E = F then everything is trivial. If E # F, then there exists 
zéF,z¢E such that z is perpendicular to F by Theorem 1. We contend 
that some multiple y = az does it. A necessary condition on « is that 


<z, az) = &lz|*. 
This is also sufficient. Namely, x — (A(x)jA(z))z lies in F. Put a = 7(2)/|z|*. 
Then one sees at once that A(z) = <x, y> as was to be shown. 


By an operator we shall always mean a continuous linear map of a space 
into itself. 

It is straightforward to show that operators form a Banach space, and 
in fact a normed ring. In other words, in addition to the Banach space 
property, we have 


|AB] S |A| |B}. 
Proposition 2. If A is an operator and (Az, x) = 0 forall x, then A = O. 
Proof. This follows from the polarization identity, 
{A(x + y), (@ + y)> — <Ale — 9), (@ — Y)> = 2KAz, y> + (Ay, @)). 
Replace x by tx. Then we get 
(Az, y> + (Ay, 2) = 0 
t<Ax, y> — KAY, z) = 0 
for all 2, y whence ¢Az, y) = 0 and A = O. 


The above proposition is valid only in the complex case. 
In the real case, we shall need it only when A is symmetric (see below), 
in which case it is equally clear. A similar remark applies to the next result. 


Lemma. Let A be an operator, and c a number such that 
Ax, 2>| < clef? 
for allxeE. Then for all x, y we have 


|<Aa, y>| + |Xx, Ay] S 2clz| |yl. 
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Proof. By the polarization identity, 
2|(Ax, y> + <Ay, x>| S cle + yl? + ele — yl? = 2e(|x|* + lyl?). 


Hence 


|<Aw, y> + (Ay, x>| S (lel? + lyl?). 


We multiply y by e and thus get on the left-hand side 
le" Aa, y> + eC Ay, x]. 


The right-hand side remains unchanged, and for suitable 6, the left-hand 
side becomes 


|<Ax, yd] + I<Ay, 2]. 


(In other words, we are lining up two complex numbers by rotating one 
by 6 and the other by —6.) Next we replace x by tx and y by y/t for ¢ real 
and t > 0. Then the left-hand side remains unchanged, while the right- 
hand side becomes 


1 
gt) = Pla? + = Iyl?. 
t 
The point at which g’(t) = 0 is the unique minimum, and at this point to 
we find that 
g(to) = |2| |yl- 
This proves our lemma. 


In our applications, we need the lemma only when A is self-adjoint (i.e. 
symmetric, see below), in which case it is even more trivial. 

For fixed y, the function of x is given by (Az, y) is a functional (bounded 
because of the Schwartz inequality). Hence by the representation theorem, 
there exists an element y* such that <(Az,y) = <2, y*> for all x We 
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define A*, the adjoint of A, by letting A*y = y*. Since y* is unique, we 
see that A* is the unique operator such that 


(Aa, y> = <a, A*y> 
for all z, y in E. 


Theorem 2. We have: 


(Aes) Se AeA 
(xA)* = @A* |A*| = || 
(AB)* = BtA* |AA*| = |A[? 


and the mapping A — A* is continuous. 


Proof. Exercise for the reader. 


§3. Hermitian operators 
We shall say that an operator A is symmetric (or hermitian) if A = A*. 
Proposition 3. A is hermitian if and only if (Ax, x) ts real for all x. 


Proof. let A be hetmiitians Then (Azz) = <2, AR = (Ax, 2). 
Conversely, (Az, 7) = (Az, > = (x, Ax) = (A*x, x) implies that 


(A — A*)z, 2) = 0 
whence A = A* by polarization. 


Proposition 4. Let A be a hermitian operator. Then |A| 1s the greatest 
lower bound of all values c such that 


|< Ax, x>| S ole? 


for all x, or equivalently, the sup of all values |( Ax, x>| taken for x on the 
unit sphere in E. 


Proof. When A is hermitian we obtain 


|<Ax, y>| S elz| ly| 


for all z, y € EL, so that we get |A] < c in the lemma of §2. On the other 
hand, c = |A| is certainly a possible value for c by the Schwartz inequality. 
This proves our proposition. 
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Proposition 4 allows us to define an ordering in the space of hermitian 
operators. If A is hermitian, we define A 2 O and say that A is positive 
if <Az, x) = 0 for allze H. If A, B are hermitian we define A 2 B if 
A — B= O. This is indeed an ordering; the usual rules hold: If A; 2 Bi 
and As = Bae, then 


A; + Ap 2 By + Bp. 
If c is a real number = 0 and A = O, then cA = O. So far, however, we 
say nothing about a product of positive hermitian operators AB, even if 


AB = BA. We shall deal with this question later. 
Let c be a bound for A. Then |< Az, x>| < clz|* and consequently 


-id <Asel. 


For simplicity, if « is real, we sometimes write « < A instead of al < A, 
and similarly we write A < f instead of A < BI. If we let 


e=. int <Ag 27> and B=) sup Ags), 


jz] =1 |z|=1 


then we have 


and from Proposition 3, 
|A| = max (|a|, |B). 


Let p be a polynomial with real coefficients, and let A be a hermitian 
operator. Write 


pt) = ant” + +++ + ap. 
We define 
p(A) = anA” +--+ + aol. 


We let R[A] be the algebra generated over R by A, that is the algebra of 
all operators p(A), where p(t) € R[t]. We wish to investigate the closure 
of R[A] in the (real) Banach space of all operators. We shall show how to 
represent this closure as a ring of continuous functions on some compact 
subset of the reals. First, we observe that the hermitian operators form a 
closed subspace of L(E, E), and that R[A] is a closed subspace of the space 
of hermitian operators. 
We can find real numbers a, 8 such that 


al < A < BI. 
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We shall prove that if p is a real polynomial which takes on positive values 
on the interval [a, 8], then p(A) is a positive operator. 
The fundamental theorem is the following. 


Theorem 3. Let «, B be real and ol < A < BI. Let p be a real poly- 
nomial, positive in the interval a < t < B. Then p(A) is a positive operator. 


Proof. We shall need the following obvious facts. 

If A, B are Hermitian, A commutes with B, and A = 0, then AB? is 
positive. 

If p(t) is quadratic, of type p(t) = ¢? + at + b and has imaginary roots, 


then 
ae Po 
t)= (t+ 2) 4 »- ©) 
OA ee P=, 
is a sum of squares. 


A sum of squares times a sum of squares is a sum of squares (if they 
commute). 

If p(¢) has a root y in our interval, then the multiplicity of y is even. 

Our theorem now follows from the following purely algebraic statement. 

Letx <t < B bea real interval, and p(t) a real polynomial which ts positive 
in this interval. Then p(t) can be written: 


pt) = ALG + Le — HOF + VB - G1 
where Q? just denotes the square of some polynomial and c is a number = 0. 


In order to prove this, we split p(t) over the real numbers into linear and 
quadratic factors. If a root y is < a, then we write 


(Cy) Sle ele Sey) 
and note that (« — y) is a square. Ifa root y is 2 f, then we write 
(Ones (Y— Bowe (B— 2) 


with (y — B) a square. We can then write, after expanding out the fac- 
torization of p(t), 


pt) = [> Q? + Mt — a)? + YB - HQ + Vt — «(6 — 197) 


with some constant c and Q? standing for the square of some polynomial. 
Note that c is positive since p(t) is positive on the interval. Our last step 
reduces the bad last term to the preceding ones by means of the identity 


(¢ — a)'(B — t) + ¢ — a)(B — ty 
B-« 


(¢ — a)(B — t) = 
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Corollary 1. If a < p(t) < 6 in the interval, then 
al < p(A) S Ol. 
Suppose that oJ < A < BI. If p(t) isa real polynomial, we define as usual 


pil = sup |p(t)| 
with ¢ ranging over the interval. 


Corollary 2. Let al < A < BI. Let p(t) be a real polynomial. Then 
|p(A)| S |pll 


Proof. Let g(t) = ||p|| + p(t). Then q(t) is 2 0 on the interval. Hence 
q(A) = O and our assertion follows at once. 


As usual, we consider the continuous functions on the interval as a Banach 
space. If fis any continuous function on the interval, then by the Weierstrass 
approximation theorem, we can find a sequence of polynomials {p,} ap- 
proaching f uniformly on this interval. We define f(A) as the limit of 
pn(A). From Corollary 2 we deduce that {pn(A)} is a Cauchy sequence, 
and that its limit does not depend on the choice of the sequence {pp}. 
Furthermore, by continuity, our corollary generalizes to continuous functions, 
so that |f(A)| < |if}). 

We see that the map f+ f(A) is a continuous homomorphism from the 
Banach algebra of continuous functions on the interval into the closure of 
the subalgebra generated by A. 


Proposition 5. Let A be a positive operator. Then there exists an operator 
B in the closure of the algebra generated by A such that B* = A. 


pi/2 


Proof. The continuous function #1? maps on A??. 


Corollary. The product of two positive, commuting Hermitian operators 
is again positive. 


Proof. Let A, C be Hermitian and AC = CA. If Bis as in Proposition 5, 
then 
(AC, 2) = <B*Cx, x) = <BOx, Br) = (CBx, Bz) 2 0. 


The kernel of our homomorphism from the continuous functions to the 
operators is a closed ideal. Its zeros form a closed set called the spectrum 
of A and denoted by o(A). 


Lemma 2. Let X be a compact set, R the ring of continuous functions on 
X, and a a closed ideal of R, a # R. Let C be the closed set of zeros of a. 
Then C is not empty and if a function f € R vanishes on C, then f € a. 
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Proof. Given ¢, let U be the open set where |f| < «. Then X — U is 
closed. For each point t¢ X — U there exists a function g € a such that 
g(t) # O in a neighborhood of ¢. These neighborhoods cover X — U, and 
so does a finite number of them, with functions gi,...,g,. Let = 
ge +++: + 9%. Thengea. Our function g has a minimum on X — U and 
for n large, the function 


ag 
if 
1+ 
is close to fon X — U and is < ¢on U, which proves what we wanted. 


We now redefine the norm of a continuous function f to be 
fla = sup |f(]. 
tea(A) 


Theorem 4. The map 


f(t) f(A) 


induces a Banach-isomorphism (i.e. norm-preserving) of the Banach algebra 
of continuous functions on a(A) onto the closure of the algebra generated by A. 


Proof. We have already proved that our map is an algebraic isomorphism 
and that |f(A)| < ||f||,. In order to get the reverse inequality, we shall 
prove: 

If f(A) 2 O, then f(t) 2 0 on the spectrum of A. Indeed, if f(c) < 0 for 
some c € o(A), we let g(t) be a function which is 0 outside a small neighbor- 
hood of c, is = 0 everywhere, and is > 0 atc. Then g(A) and g(A)f(A) are 
both = 0 (by the corollary of Proposition 5). But —g(t)f(t) 2 0 gives 
—g(A)f(A) 2 O whence g(A)f(A) = O. Since g(t) f(¢) is not 0 on the spectrum 
of A, we get a contradiction. 

Let now s = |f(A)|. Then sI — f(A) 2 O implies that s — f(t) 2 0, 
which proves the theorem. 

From now on, the norm on continuous functions will refer to the spectrum. 
All that remains to do is identify our spectrum with what can be called the 
general spectrum, that is those complex values € such that A — € is not 
invertible. (By invertible, we mean having an inverse which is an operator.) 


Theorem 5. The general spectrum is compact, and in fact, of € is in tt, 
then |€| < |A|. If A is Hermitian, then the general spectrum is equal to 
a(A). 


Proof. The complement of the general spectrum is open, because if 
A — & is invertible, and € is close to €, then (A — €0)~1(A — 6) is close 
to I, hence invertible, and A — is also invertible. Furthermore, if € > |A}, 
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then |A/é| < 1 and hence J — (A/é) is invertible (by the power series 
argument). So is A — & and we are done. Finally, suppose that ¢ is in the 
general spectrum. Then € is real. Otherwise, let g(t) = (f — ¢)(t — E). 
Then g(t) # 0 on o(A) and A(t) = 1/g(t) is its inverse. From this we see that 
A — é is invertible. 

Suppose ¢ is not in the spectrum. Thent — €isinvertibleand sois A — ¢. 

Suppose ¢ is in the spectrum. After a translation, we may suppose that 
0 is in the spectrum. Consider the function g(¢) as follows: 


_ fife] fe] 2 /N 
a fe “| < 1/N 


(g is positive and has a peak at 0.) If A is invertible, BA = J, then from 
jég(t)| < 1 we get |Ag(A)| S 1 and hence |g(A)| < |B]. But g(A) becomes 
arbitrarily large as we take N large. Contradiction. 


Theorem 6. Let S be a set of operators of the Hilbert space EH, leaving no 
closed subspace invariant except 0 and ¥ itself. Let A be a Hermitian operator 
such that AB = BA forall Be 8S. Then A = AI for some real number J. 


Proof. It will suffice to prove that there is only one element in the spec- 
trum of A. Suppose there are two, 4; # Ag. There exist continuous functions 
f,g on the spectrum such that neither is 0 on the spectrum, but fg is 0 on 
the spectrum. For instance, one may take for f, g the functions whose graph 
is indicated on the next diagram. 


Ay Ag 


We have f(A)B = Bf(A) for all Be S (because B commutes with real 
polynomials in A, hence with their limits). Hence f(A)E is invariant under 
S because 


Bf(A)E = f(A)BE c f(A)E. 
Let F be the closure of f(A)E. Then F ¥ 0 because f(A) # O. Furthermore, 


F ¥ E because g(A)f(A)E = 0 and hence g(A)F = 0. Since F is obviously 
invariant under S, we have a contradiction. 
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Corollary. Let S be a set of operators of the Hilbert space E, leaving no 
closed subspace invariant except 0 and E itself. Let A be an operator such 
that AA* = A*A, AB = BA and A*B = BA* for all Be S. Then 
A = AI for some complex number A. 


Proof. Write A = A; + tAg where Aj, Ag are Hermitian and commute 
(e.g. A: = (A + A*)/2). Apply the theorem to each one of A; and Ag 
to get the result. 
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